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Abstract

This paper provides a sound and complete proof system for a language L.y that
adds to Dynamic Epistemic Logic (DEL) a discrete previous-time operator as well as
single symbol formulas that partially reveal the most recent event that occured. The
completeness theorem is by filtration followed by model unravelling and other model
transformations. Decidability follows from the completeness proof. The degree to
which it is important to include the additional single symbol formulas is addressed in a
discussion about the difficulties of the completeness for a language Ly that only adds
the previous-time operator to DEL. Discussion is also given regarding the completeness
for a language obtained by removing common knowledge operators from L. y.

1 Introduction

Epistemic logic describes the knowledge and belief of agents. Adding to this an ability to
describe changes in the knowledge and belief has been receiving an increasing amount of
attention. Such logics can contribute to a number of fields such as artificial intelligence
and computer security. One general approach to describing changes in beliefs has been
to describe changes in knowledge and belief over time using Epistemic Temporal Logics
(ETL) [10, 7, 8, 13]. Another general approach, called Dynamic Epistemic Logic (DEL)
2,3, 14, 11, 9], describes changes as a result of events that involve information being revealed
to the agents in a variety of ways such as through a public or a private announcement. While
ETL can express beliefs of agents in both the past and future, the causes of the belief change
are given little structure. Dynamic Epistemic Logic, however, provides internal structure to
the causes of the belief change, typically using relational structures called event models, and
has a sophisticated method of determining new beliefs from old through such events. But
DEL has very limited flexibility with regard to describing beliefs through time, and cannot
reflect the past at all.

Adding temporal operators to DEL has been receiving recent attention. The paper [16]
introduces a number of languages that add both past and future temporal components to
DEL, and gives examples of where these languages can be used. The paper [1] focuses on
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the involvement of future operators, and both [12] and [15] have involved discrete previous-
time operators. The papers [12, 15, 16] involve the addition of previous-time operators to
variations of DEL.

This paper focuses on the proof of soundness, completeness, and decidability of a language
that adds a discrete previous-time operator to DEL. As is discussed in [16], adding a previous-
time operator to DEL allows us not only to express what happened in the past, but also
the effect of agents being informed about past situations. Using a previous-time operator,
we can also express in the logic when an agent’s beliefs changed or how long it has been
since something was true. In this paper, time is structured similarly to the natural numbers,
with a least point representing the earliest stage of time and with discrete increments. The
previous-time operator also allows us to express what time it is with respect to this beginning.

Both [12] and [15] include proof systems involving previous-time operators that are shown
to be both sound and complete with respect to semantics that have differences from the one
used in this paper. The language given in [12] includes previous-time operators parametrized
by full events but has no common knowledge operator, whereas this paper focuses on a
language L.,y that has partial events as atomic formulas and a common knowledge op-
erator. The completeness proof for the language given in [12] uses a method that builds
on a completeness proof in [5] for dynamic epistemic logic constrained by a protocol. The
techniques for completeness used in this paper differ from those in [12], building on the
language-reduction technique of [3, 9], while also employing a novel mix of model trans-
lations. Furthermore, this paper also investigates completeness for a language Ly with a
single (un-parametrized) previous-time operator without the company of formulas for partial
events, and reveals the important role of the partial events in the completeness proof.

The paper [15] involves an un-parametrized previous-time operator without the company
of partial events, and also does not include common knowledge. Although [15] places some
emphasis on showing how temporal restrictions can be placed in a coherent way on the mod-
els so that they are for example ordered and non-past branching, completeness in [15] is only
proved with respect to a minimally restricted class of models that do not enforce restric-
tions on the temporal component. This paper, on the other hand, proves completeness for
structures that are guaranteed to have structural properties given by a sequence of epistemic
models, with each model following the previous one according to the updating procedure
used in DEL.

The primary structures used in this paper are sequences of epistemic models, which we
call sequential histories. Completeness is proved by finding a model for a consistent formula,
and to make it easier to represent all of the previous models, we involve for the purpose of
proving completeness a single model with a previous-time relation and a suitable semantics
for such a model. In this paper, we call such models with a previous-time relation epistemic
temporal models (ETM), and we call them epistemic temporal histories (ETH) when they
obey certain structural properties, many of which correspond to ones identified in the merging
frameworks papers [5, 6]. This paper then shows that every epistemic temporal history is
isomorphic to some sequential history. This is similar to the developments in [15], in which
an isomorphism is established between sequential histories and epistemic temporal models
generated from an epistemic model by repeated applications of updates that are particular
to that paper; however the isomorphism from [15] is not used for completeness. In addition
to helping prove completeness, the isomorphism in this paper helps solidify the connection



between the merging frameworks properties and the updates in [15].

A filtration method is used to find a finite ETM for a given consistent formula, though
this ETM need not satisfy all the constraints needed to be an ETH. Thus a number of
model transformations are performed. The first of these transformations is an unravelling
of the model into a tree-like structure. A complete unravelling often results in an infinite
model, though to establish decidability, we only unravel in the temporal direction, which can
safely be trimmed to ensure the resulting model is finite. The remaining transformations
involve the removal of some states and the addition of some relational connections. Truth
of all formulas is not preserved through some of these transformations, but the truth of the
original consistent formula will be preserved at some state, thus maintaining its satisfiability.

The organization of this paper is as follows. The next section (Section 2) describes
the structures involved in DEL, and introduces the structures, called sequential histories,
on which the semantics of the languages of this paper are defined. Three languages are
then introduced, Ly, Ly,, and L.;y. The language Ly simply adds to DEL a previous-
time operator that does not depend on previous events. The language Ly, replaces the
unconditional previous-time operator of Ly with previous-time operators that depend on
some aspect of the most recent event. The language L.,y adds to Ly single symbol formulas
that make assertions about some aspect of the most recent event. The languages Ly, and
L.,y are equally expressive, and we choose to use L.y for the proof system and completeness
theorem. Section 3 introduces a proof system for L..y. Soundness is proved and useful
provable extensions of the axioms are also given. Section 4 introduces ETMs and ETHs,
which are easier to construct using a filtration than the sequential histories typically used.
But the semantics of some components of the language are more difficult to define on ETMs,
and hence a function is defined to translate any formula into an equivalent one for which
such semantics is easier to define, using a variation of the reduction technique of both [3, 9].
An isomorphism theorem showing that at ETH corresponds to a sequential history is also
given. Section 5 proves completeness for L.y, by first defining a filtration. The filtration
is a finite epistemic temporal model that need not have all the properties needed for it to
correspond to a sequential history. A number of model transformations are performed to
establish the desired properties. Section 6 discusses how the completeness proof for L.,y
can be modified for languages that have common knowledge operators, and then discusses
to what extent the completeness proof could be used for the language Ly

2 Structures

We generally use the symbol A for a finite set of agents and ® for a set of atomic propositions.

2.1 Models and Update Product
Definition 2.1 (State Model). Given a set A of agents and a set ® of atomic propositions,
define a state model to be a tuple S = (S, —s, || - ||s), where

1. S is a set,

2. —g: A — S x S is a function that assigns a binary relation =g over S for every agent
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3. || - |ls is a function mapping each proposition letter in ® to a subset of S.

Notation 2.2. We typically drop the subscript S from the components of a state model
when the model is understood from context.

We call each element of S a state. The set S is called the carrier set of the model S.
Define a function car that maps a state model to its carrier set. For each A € A, the relation
2, is written in infix, where s = ¢ can be read as “in state s, A considers ¢ possible”. We call
a relation with this reading an epistemic relation. The function | - ||s is called a valuation
function. We can think of the atomic propositions in ¢ as being properties the valuation
function assigns to the states.

A pair (S, s) consisting of a state model S and a state s € car(S) is called a pointed state
model. Call a sequence H = (Sy,...,S,) of state models a state model sequence. We will
later define a history to be a state model sequence that satisfies certain conditions, which is
why we choose the letter H. We can think of the state models as representing a certain stage
in time, with &; being the oldest and S,, being the most recent. Define a function mdl that
takes a state model sequence (Si,...,S,) and returns the model S,. A pair (H,s) where
s € car(mdI(H)) is called a pointed sequence.

Definition 2.3 (Splitting Function). A function that given any state model sequence H
returns a subset of car(mdI(H)) is called a splitting function. Let & be the set of all splitting
functions.

We next define an event model, for which its primary difference from a state model is that
the valuation function is replaced by a different function pre called a precondition function.

Definition 2.4 (Event Model). Given a set A of agents, define an event model to be a tuple
E = (E,—¢,preg), where
1. E={ey,...,e,} is a finite set, with a fixed enumeration,
2. —¢: A — E x E is a function assigning a binary relation ¢ to every agent A € A,
3. preg : ' — G is a function assigning a splitting function to every e € E.

Notation 2.5. We typically drop the subscript £ from the components of an event model
when the model is understood from context.

Each element of E is called an event point. We can apply the function car to event models
as well as state models so that given an event model £ = (E, —, pre), car(€) = E. A pair
(£,e) where e € car(€) is called a pointed event model. For each A € A, the relation ¢

is written in infix, where e ©¢ f can be read as “A considers f a possible occurrence if e
actually happens”. Due to the reading of this relation, we also call it an epistemic relation.

Notation 2.6. Given a state model (S, —s, || -||s) or an event model (E, —¢, |- |l¢), if B C A
is a set of agents, we may write —g for |J{s: A € B} and similarly —¢ for [ J{=¢: A € B}.
Subscripts may be dropped if the model is understood from context.

For any relation in this paper, we define the following.
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Definition 2.7 (Iterated Relations and Reflexive Transitive Closure). For a relation R
over a set X, we define R® = {(z,z) : * € X} to be the smallest reflexive relation
over A. For each n > 0 the iterated relation R™™' = RR", where RR" = {(z,z) :
there exists y such that xRy and yR"z} represents the usual composition of the relation R
with R". We also define the reflezive transitive closure R* of R to be R* =J -, R".

Definition 2.8 (Update Product). Given a state model sequence H = (Sy,...,S,), where
Sn = (Sn, —n, || - [|») and given an event model € = (E, —¢, || - - ||l¢), the update product of
H and &, written H® &, is (S1, ..., Sn), where S;41 = (Snt1, —nt1, ||+ [|ne1) and

1. Spy1=A{(s,e) €S, x E:s € pre(e)(S,)},
2. (s,€) Sy (L, f) iff both s 5, t and e ¢ f (Note that (s, e), (¢, f) € Sps1),
3. [Ipllnsr = {(s,€) € Snr1 s € [lplln}-

Definition 2.9 (Sequential History). A state model sequence H = (S, Si, ..., S,) is called
a sequential history if there is a sequence of event models &, ..., &,, such that H = (Sp) ®
5@ RE,.

We will typically call a sequential history a “history”, as it will be clear what is meant
until we define another structure called an “epistemic temporal history” later in this paper.

Notation 2.10. We may write s € H in place of s € car(mdl(H)).
We next define more functions on histories.

Definition 2.11 (Functions prvh, prvs, and evnt). We define function prvh (short for previous
history) as follows: If H = (S1,...,8n,Snt1) is a history, then prvh(H) = (Sy,...,S,). If
H = (S) is a history with only one state model, then prvh(H) = (). Finally, we define the
function prvh on the empty-set: prvh(()) = 0.

We define functions prvs (short for previous state) and evnt (short for event point) as ex-
tensions of projection functions 7; and 7y, which take a pair as input and return respectively
the first and second coordinates of the input. If s = (s', ), then prvs(s) = s’ and evnt(s) = e.
If s # (s, ¢e) for any s or e, then prvs(s) = evnt(s) = ().

These functions are defined to be total functions on the set of histories or the set of
states, which is why they are defined for initial histories and states. We define prvh on ), so
that it can be an operator, that is so that its domain and range can be the same. This may
be useful when we iterate the functions prvh and prvs. Let prvh™™*(H) = prvh(prvh™(H)),
and similarly for prvs. Defining prvh on ) allows us to apply prvh to itself arbitrarily many
times. We know that prvh”(H) is defined, even if we do not know whether n is greater than
length of H.

2.2 Event Frame

In modal logic, the underlying relational structure of a model is called a frame, that is, the
model is the frame plus the valuation function. Here, we define an event frame such that an
event model is just the event frame plus a precondition function.
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Definition 2.12 (Event Frame). Given a set A of agents, define an event frame to be a
tuple F = (E, —#), where

1. E={e1,...,e,} is a finite set, with a fixed enumeration.

2. =z A — E x E is a function assigning a binary relation < r to every agent A € A.

Some treatments of Dynamic Epistemic Logic (DEL), such as [2], fix an event frame for
a particular language. The name signature is sometimes used instead of frame in order to
suggest that a language depends on it.

The idea behind fixing an event frame is that in order to specify a pointed event model
in a formula of the language, the formula need only capture the precondition function and
a particular event point. The precondition function can be expressed using a sequence of
formulas, one for every event point, and via the semantics, each formula characterizes a
splitting function. As infinitely many splitting functions can be characterized using a finite
alphabet of symbols, infinitely many event models can be captured using a finite alphabet of
symbols. For this paper, the use of an event frame will be useful in establishing completeness.

With a fixed event frame, event models can be characterized by the precondition function
alone.

Notation 2.13. If F = (E,—), where E has n event points, then given a list <= (g1, ...,¢,)
of splitting functions, we can define a precondition function pre such that pre(e;) = ¢;. In
this way, a list of splitting functions characterizes a precondition function, which together
with the event frame F characterizes an event model. We may write H ®¢'in place of H® &,
where & is the event model characterized by the list ¢ of splitting functions.

2.3 Language

The languages defined here depend on an event frame F and a set ® of atomic propositions.
In this section we will define three languages Ly (F, @), Loty (F,P) and Ly, (F,P). When
F and ® are understood from context, we will drop them from the notation. The language
Ly extends the Dynamic Epistemic Logic (DEL) in [2] with a single previous-time operator
Y. The language L.,y adds to Ly formulas that express the action point of the most
recent action. The language Ly, adds to DEL a previous-time operator Y, that depends on
the action point of the most recent action. We will see that there is a natural translation
between L.,y and Ly, indicating that they are equivalent languages. The language Ly, will
play little role outside this section, but it is defined here, for some readers may find it easier
to relate to other languages they know. Later in this paper, it will be L.,y for which we
present a complete proof system,

Definition 2.14 (Language L.y, Ly, and Ly, ). Let ® be a set of atomic propositions, and
let F = (E,—) be an event frame, where E consists of n event points. The formulas of
Loy (F,®) are given by the following Bachus-Naur form:

¢ = true|ple| @l AV |Oap| Oz | [, ..., e ele| Y

where p € ® is an atomic proposition, e € F is an event point, A € A is an agent, B C A is
a set of agents, and ¢, 9, 9, ..., 1, are formulas.



We obtain the language Ly (F,®) from L.,y (F, ) by removing the formula e from the
Bachus-Naur form. We obtain the language Ly, (F,®) from Ly (F,®) by adding to the
Bachus-Naur form formulas of the form Y.

Note that although formulas e are eliminated from Ly, formulas [¢1,. .., 1, e]¢ remain
in the language. Thus the change is that e can no longer be a formula by itself.

Definition 2.15 (Abbreviations). We adopt the following abbreviations: false = —true,

[@;6]E[1/]1,...,#)”,6],gp\/@DE—!(—!gp/\—@b) p—=t=pA,and ¢ Y = (9 = Y)A (Y —
¢). For each modality 0, we define (0% = ¢ and for n > 0, "1y = DD”gp We also define

(e)p = =[], Oap = ~“Oa—p, Ot = O, Yo = Vg, and Y,p = ~Y, .

Formulas true, p, -, and ¢ A ¢ have their usual propositional meaning, and are given
a formal semantics below. Formulas of the form e, where e € F, imply that the current
history is not an initial history, and that the current history was created using a pointed
event model, whose point is e. The symbols Y, Y, [Je], U4, and Uy are called modal operators
or modalities; these names will also apply to non-primitive symbols ?7 S//\;, (Je), Oa, and Of.
Formulas of the form Y¢ will be read as “if there were a previous stage, then ¢ would have
been true then”. Formulas of the form Y.y (which only appear in the language Ly,) will
be read as “if there were a previous stage in which e were the point of the pointed model
generating the current history, then ¢ was true at that previous stage”. Formulas of the
form [a¢ can be read as “A believes that ¢”. Formulas of the form Ugp can be read as
“It is common belief among the agents of B that ¢”. Formulas of the form [Je]tp are called
event modalities, and they are read as “p is true after any possible event characterized by
[Je]”. What is meant by “possible” and “characterized by [Je]” should become clear from
the formal definition of the semantics below. The semantics is defined by a function [-] from
formulas to splitting functions. The splitting function tells us for what states in each model
the formula is true. As we have a fixed event frame, we make use of Notation 2.13 for the
update product.

Definition 2.16 (Semantics). The semantics for Ly,, L.y and Ly is defined inductively by
a function [-] that takes a formula and returns a splitting function. The splitting function
will take as input a history and then output the states in the most recent model of the

history for which the formula is true. Let [[1;]] = [un], ..., [¥n].
s € [true](H) iff se™H

[
s € [p](H) iff s € |[pllmaco
s € [e](H) iff evnt(s) =e, prvh(H) # (), and s € H
s€[-p](H) it se[true](H) - [](H)
s € [p AYI(H) it s € [o](H) N [¥](H)
se [Oap](H) iff ¢ € [¢](H) whenever s —>md|(H) t
s € [[ngggo]] (H) iff te [p](H) whenever s —>md|(H) t )
s € [[ele](H) iff ( e) € [e](H® v ]]) whenever (s,¢e) € H® [¢]
s € [Yol(H) ) € [¢](prvh(H)) whenever prvh(H) # ()
[Y ) el (H) #0

iff  prvs(s
(

o](H)  iff prus(s ©](prvh(H)) whenever prvh



We can translate Ly, into L.,y by translating Y. into e — Y. We can also translate
L.y into Ly, by translating e into =Y, —true and Y into A{Y.p:e € E}.

The primary completeness result of this paper is for L.,y with respect to the class of
characterizable sequential histories:

Definition 2.17 (Characterizable Sequential History). Given a language L.y (F,®), a
sequential history H = (Sy,...,8S,) is characterizable, let Hy, = (Si,...,S) for each k < n.
Then for each k& < n, there are formulas 1 (depending on k) such that Hy 1 = Hy ® .

3 Proof System

We present a proof system for L..y. Recall that the symbols —, }A/, and false are not
primitive symbols, and hence most of the formulas listed below are abbreviations for the
actual axioms.

3.1 Axioms and Rules

We first present a set of axioms not involving knowledge.

Xe](p — ) — ([Xelp — [Xelp) [Xe]-normality

qup — 1Y) — (Yo — Y) Y -normality

[Yei]p « (¥; — p) future atomic permanence

Yp e (Y true — p) past atomic permanence

[ei]—p < (¥ — —[e]p) event model partial functionality
Y-p (}A/ true — =Y @) non-branching past

[e]Y o o (1 — ) future past mix

[(pe]e future event point mix

Y true < \/{e:e € E} past and event point mix

e — —f for each e # f uniqueness of event points

The next set of axioms involves belief, and some are expressed with conjunctions over a set
of formulas. In the case that a conjunction (as in the epistemic future axiom) turns out to
be over () (that is, it has no conjuncts), replace it with the formula true.

Oa(e — ) — (Hap — Oav) [ 4-normality

Og (¢ — ) — (Oge — O¢) % -normality

Op(e = AN{Oap: A€ B}) — (p — Ofp)  induction

Oip — o AN{O4O0 : A € B} epistemic mix
[e;]Oup < (¢ — /\{DA[Jej]go ce; & e;}) epistemic future mix
YOap — OaY epistemic past mix
Y true — 04Y true non-initial-time

Y false — [04Y false initial-time

e — Oy~ f(where ~(e = f)) restriction

For the rules, we use the symbol - in front of a formula that is provable. We have the
following standard model logic rules:



From - ¢ and F ¢ — %, infer - ¢ modus ponens
From I ¢, infer F [ve]p, - Oap, F O, F Yo  necessitation

We present one more rule, called the event rule, which will make use of sequences of event
modalities, modalities of the form [1/7@]. Define €2 to be the set of all sequences of one or more
event modalities, and let Q7 add to © an empty string A that has no modalities (both of
these sets depend on the language). We may use any string o € Q7 in expressing formulas.
For example Ay is just ¢. In order to state the event rule, we will define the following
concerning ).

Definition 3.1 (Syntactic Precondition Function). Define PRE : QT — L.,y such that

e PRE()) = true,

° PRE([J‘%] = 1,

e PrRE(d/a) = PRE(/) A o/ PRE(a).
Definition 3.2 (Relations over Q). For each agent A € A, define 5C QF x QF to be the
smallest relation for which the following hold:

e A5
o [te] & [f], whenever e & f and for 1 < k < n, ¢ = xs.
o ad’ 5 3f whenever o, o/, 3,3 € Q, a > fand o/ > .

These two definition do not depend on the break down of these strings. Given o € Q7
let there be formulas y for all 3 for which o = 3. Then

From - x5 — B¢ and - (x3 A PRE(3)) — Oax,

whenever A € B, « LN B and 5 7, event rule
infer - x, — aldzp

3.2 Soundness
Proposition 3.3. The azxioms are sound.

Proof The soundness proof for many of the axioms can be found for the soundness proofs
of DEL. So here, I present proofs of those not easily found in other work.

Atomic permanence for past Yp < (EA/ true — p): The following are equivalent:
s € [Yp](H).

. If prvh(H) # 0, then prvs(s) € [p](prvh(H)).

If s € [Y true|(H), then prvs(s) € [p](prvh(H)).

If s € [Y true](H), then s € [p](H).

s € [Y true — p](H).

S O N I

The step (3) < (4) comes from the definition of valuation in the update product.
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Non-branching past Y-y < (}A/ true — =Y ¢): The following are equivalent:
1. s € [Y-](H).
2. If prvh(H) # 0, then prvs(s) € [-¢](H).
3. If s € [V true](H), then prvs(s) & [¥](H).
4. If s € [Y true](H), then s & [Y 9] (H).
5. s € [Ytrue — Y] (H).

Future past mix [0e;]V < (1; — ¢): The following are equivalent:
L s € [[We]Y](H).
2. 1f (5,¢;) € H@ [¢], then (s,¢;) € [Vl (H @ [¢]).

3. s € [¥](H), then (s,¢e;) € [Yo](H® [[QZ]])
4. If s € [1:](H), then s € [¢](H).

5. s € H@/)z — QO]](H)
Non-initial time Y true — 0,4Y true: Suppose s € [V true](H). Then prvh(H) # 0 and
prvs(s) € [true](prvh(H)). If s = &', then since prvh(H) # 0§ and prvs(s’) € [true](prvh(H)),
"€ [Y true](H). As s was picked arbitrarily, s € [[J4Y true](H).

Initial time Y false — [4Y false: We shall argue by contrapositive. Suppose that s €

[04Y true](H). Then there is an s’ such that s’ € [V true](H). Thus prvh(H) # 0 (as well
as prvs(s’) € [true](prvh(H))). Hence prvh(H) # 0 and prvs(s) € [true](prvh(H)), whence
s € [V true] (H).

Epistemic past mix Y[,¢ — O4Y: Suppose s € [YOa¢](H). Then if prvh(H) # 0,
then prvs(s) € [dae](prvh(H)). Now suppose s = s'. By definition of the update product,
prvs(s) = prvs(s') granted prvh(H) # 0. Now if prvh(H) # 0, then prvs(s’) € [¢](prvh(H)),
and hence s’ € [Y¢](H). As s’ was picked arbitrarily, s € [J4Y ¢](H).

Restriction e = Cy—f (where ~(e & f)): Suppose s € [¢](H), and suppose s = s'. By
the definition of the update product relation, evnt(s) 7 evnt(s'). Note that evnt(s) = e.
As it is not the case that e = f, evnt(s') # f. Hence s’ & [f](H), and s’ € [-f](H). Hence
s € [Oa~fI(H).

Past and event point mix Y true < \/{e : ¢ € E}: The following are equivalent:

1. s € [Y true](H).
2. evnt(s) = e for some e € F, prvh(H) # (), and s € H.

3. se[V{e:ee E}Y(H).
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Uniqueness e — —f for all f # e: This is immediate from the fact that evnt is a function.

Future event point mix [¢e]e: The following are equivalent:

1. s € [[Ve]e] (H).

2. If (s,e;) € H® [¢], then (s,¢;) € [e;](H® [[12]])
3. If s € [i](H), then (s, e;) € [e] (H @ [4]).

—

The last statement is true, for prvh(H @ [¢0]) = H # 0 and evnt(s, e;) = e;. .

The soundness of the rule modus ponens and generalization are similar to the standard
modal and propositional arguments.

3.2.1 Soundness of the Event Rule

As the event rule involves strings of event models, it would be helpful to have notation that
can better handle these strings.

Definition 3.4 (Update product defined on 2). Suppose n is the number of events in the
event frame F. Define H ® « for each history H and a € () as follows:

o H®[e] =H® V.

e H® (af) = (H®a)® g for a, f € Q.
Definition 3.5 (Update product defined on states). Suppose S is a state model, and n is
the number of events in the event frame F. We define z ® « for each x € S and o € Q as
follows:

o 5® [the] = (s,e).

e s®(af) =(s®a)®p for a,f €.

We next define a notion of equivalence on sequences of event modalities.

Definition 3.6. We write a =~ 3 for o and ( are equivalent, where = is the smallest relation
for which the following hold.

—

(¢ f] whenever e, f € E and ¢ = s
(

o/") whenever a ~ o/ and g ~ 3'.

° [Pe] ~
o (af) ~
Notice that if o g o, then o = «'.

We now can extend the semantics of event modalities to strings using the following lemma.

Lemma 3.7. Suppose o,y € Q, and o = o. Then the following are equivalent.

o s [ap](H).
e (s®@a) € [p](H®da) whenever s € [PRE(a)](H).

Proof We prove this by induction on the structure of a. The base case a = [Je] follows

11



from definitions; note that as o &~ o/, it is the case that o/ = [Je’ ] for some ¢’ € E. Suppose
for « and (3, if &/ =~ « and [ ~ [, then for every pointed history H and every ¢, the
statement of the lemma holds (in the case of the 3, replace every a by [ and every o’ be
(3"). Then the following are equivalent.

L. s € [~aBe](H).

2. s € [PRE(a)](H) and (s ® ) € [-0¢](H @ ).

3. s € [PRE()](H), (s®«) € [PRE(F)[(H® '), and ((s®@a)® ) € [-¢](H®a)®[).
4. s € [PRE(a)](H), s € [aPRE(B)](H), and ((s ® a) ® B) € [~¢](H® ) @ ).

5. s € [PRE(af)](H) and (s @ (af)) € [~¢](H @ (o/F")).

The step (1) < (2) uses the inductive hypothesis for a. The step (2) < (3) uses the inductive
hypothesis for 5. The step (3) < (4) uses the inductive hypothesis for a. The step (4) < (5)
is by the definitions. Finally notice that a8 =~ o/(7'. -

It is also helpful to establish a clear relationship between the precondition function PRE
and membership in the model.

Lemma 3.8. Suppose a € Q). Then s € [PRE(a)](H) iff (s®@ a) € (H® ).

Proof Let us prove this simultaneously by structural induction on «. The base case
a = [e] follows from definitions.

Assume the desired result for o and 3 for all pointed histories and formulas ¢. Then the
following are equivalent.

s € [PRE(af)](H).
€ [PRE(a)](H) and s € [aPRE(S)](H).
€ [PRE(a)](H) and (s ® a) € [PRE(S)](H ® ).
(s®a)®p) e (H®a)® ).
(s @ (af)) € (H @ (af)).
The step (1) < (2) comes from the definition of PRE and the semantics. The step (2) < (3)

comes from Lemma 3.7 applied to . The step (3) < (4) comes from the inductive hypothesis
for 3, as well as the fact that (s ® a) € [PRE(S)](H ® «) implies s € [PRE(«)](H).

SANEE O

_|

The following lemma extends the behavior of the relation in the update product to handle
sequences of update products induced by sequences of event modalities.

Lemma 3.9. Suppose o € ). Then the following are equivalent.

((l) t i>7‘(®o¢ t.
(b) There exists s,s' € H and (3,5 € Q such that f ~ «, s € [PRE(B)](H), § €
[PRE(B)](H), s 3 ', and 8 Sq 3.

Proof We prove this by induction on the length of a. The base case where a = [77/76]

12



follows directly from the definitions.

Now suppose that o = ~e, and suppose the desired result holds for v and for € for any
history H. The following are equivalent:

1. t Spga t

2. There exist u,u’ € H® v and (,¢' € Q, such that ¢ =~ ¢, u € [PRE(Q)](H ® 7),
u' € [PRE(()[(H®7), u Spey v/, and ¢ g (.

3. There exist 5,8 € H and 6,8,(, (" € Q, such that v = 0, € = (, s € [PRE()](H),
s’ € [PRE(0)](H), (s ©0) € [PRE(OJ(H ®7), (5 © ) € [PRE(C)I(H®7), s S5 o,
6§ Lq 8, and ¢ Sq .

4. There exist s,s € H and §,0",(, ¢’ € Q, such that v = ¢, € = (, s € [PRE())](H),
s' € [PRE(0)](H), s € [JPRE(Q)](H), s’ € ['PRE(C)](H), s Sx &, § g &, and
(5o (.

5. There exist s, s’ € H, 3, 3" € Q, such that a = 3, s € [PRE(B)](H), s’ € [PRE(F)](H),
s Sy 8, and B Sq .

The step (1) < (2) is by the inductive hypothesis, letting t = v ® ( and ' = u ® ¢’. For the
step (2) < (3), we use the inductive hypothesis, letting v = s ® § and v’ = s ® ¢’. The step
(3) < (4) follows from Lemma 3.7. For the step (4) < (5), we let = ¢ and ' = §'¢’, and
recall that PRE(0¢) = PRE(d) A 0PRE((). .

The following lemma provides us with a necessary and sufficient condition for the exis-
tence of a path that will form the foundation of the proof of the event rule’s soundness. This
lemma will not only be used for the soundness of the event rule, but also for the proof of
Lemma 4.17.

Lemma 3.10. s € [~a5¢](H) iff there is a sequence of states from H

Ay Ag Ag—1 Ay,
§=8)—>8 —> — Sk-1 — Sk

where k > 0 and each A; € B, and also a sequence in

Ay Az Ap—1 Ay
=0 — 0 —> T Q1 — 7 O

such that s; € [PRE(q,)]|(H) for all i, where 0 < i < k, and s € [-are](H).
Proof The proof here is mostly from [3]. The following are equivalent.
1. s € [-~aOge](H).
2. s € [PRE()](H) and (s ® a) € [-Oh¢](H ® «).
3. s € [PRE(«)](H) and for some k > 0, there exists a sequence in H ® «
(s@a) =ty 25t 22 ... Dhy | 2y,

such that A; € B and ¢, € [-¢](H ® ).

13



4. There are sequences of s = sg, ..., S, and «p, ..., a; as in the statement of this lemma.

For (1) < (2), use Lemma 3.7. The step (2) < (3) comes from the definition of the semantics
of =Ojp. For (3) & (4), iterate Lemma 3.9 and use Lemma 3.7 for step k. .

Proposition 3.11. The event rule is sound.

Proof If a = A or a = [ihe], then the proof of soundness in [9] (Proposition 6.37 in [9])
can be applied here. For longer strings, we follow the proof in [3], which goes as follows.

Suppose «a € €2 and for every 3 such that a LNy 3 there are formulas g such that whenever
o = fand 5 ~ for some A € A, the following event rule validity assumptions hold:

(a) [xs — B¢] = [true]
(b) [0xs APRE(B)) — Daxy] = [true]

We wish to show that [x. — aOg] = [true]. Suppose that s € [x.](H), and for a
contradiction that s € [~alJ5¢¥](H). By Lemma 3.10, we have a sequence of states in ‘H

Aq Ag Ag—1 Ap
S=8 —8 — ... — Sgp—1 — Sk

where £ > 0 and each A; € B, and also a sequence it 2

Aq Ag Ag—1 Ag
a=0y)g — 0 — ... —> A1 — O

such that s; € [PRE(q;)](H) for all 4, where 0 < i < k, and s;, € [~y (H). First, if £ =0,
we would have that s € [-at](H). By the event rule validity assumption (a), [xo. — av)] =
[true], whence s € [xo — a®](H). By our initial assumption that s € [x.](H), we get
s € [ap](H), contradicting the result of the lemma that s;, € [—ap](H).

If & > 0, we show by induction on 1 < i < k that s; € [xs,](H). The case where
i = 0 comes from the initial assumption that s € [x,](H). Assume that s; € [xa,](H).
By lemma 3.10, s; € [PRE(«;)](H). From this and the event rule validity assumption (b),
s; € [0a, 1 Xas 1] (H). Hence s;41 € [Xay,,](H). This completes our induction.

In particular, s € [xa,](H). Using again the event rule validity assumption (a), we have

sk € [app](H). B

3.3 Provable Equivalence and Examples of Provable Formulas

Definition 3.12 (Provable Equivalence). We say that sentences ¢ and 1 are provably equiv-
alent, and write ¢ = ¢, iff - p « .

Proposition 3.13 (Extended event model partial functionality). F a—¢ < (PRE(a) —
), for every a € Q.

Proof We prove this by induction on «. The base case for basic programs comes precisely

14



from the axiom event model partial functionality.
Suppose the result holds for a. For the inductive step for basic actions, we see that the
following are provably equivalent.

1. [wez]a—'gp.
[ei](PRE(0) — —agp).
[e;]~(PRE() A agp).
i — =[Pe;] (PRE(a) A ap).
Wi — —([e]PRE(0) A [Yei]ap).
(s — (e, PRE()) V =[ihe;]acp.
[wei]—'PRE(a) ﬂ[wiei]agp.
(e:) PRE() — —[die]agp.
9. PRE([J@]&) — ﬂ[@ei]ago.
The step F (2) < (3) uses the inductive hypothesis. .

e B T

Proposition 3.14 (Extended epistemic future mix). - ald ¢ < (PRE(a) —
ANOuBe - a g B})

Proof This proof is mostly from [3] (known as action-knowledge). It is proved by induction
on a.

If « is of the form [1/761»], then we simply have the axiom epistemic future mix in the form
we know it.

So assume the desired result for o/ and «; we prove it for o/«. We will show that

Fo'alsp <« (PRE(0 @) /\{DAB Bo:(da) S (F6)}). (1)

We start by using the inductive hypothesis on « to get the equivalence - a0 ¢ < (PRE(«a) —
A{O4B¢ : a % 3}). We then use necessitation and normality multiple times, and get

Fo'alasp < (o' PRE(« /\{a OufBy: a0 G}) (2)

By the inductive hypothesis on o', we have that for all 5

- a/O4Bp < (PRE() — \{O48'Bp;a’ = 53).
This and (2) leads the provable equivalence of o/ ad4¢ and

o/PRE(a) — (PRE(2)) — A\{DafBe:a S5.0" 5 1),

By definition, PRE(a/a) = PRE(«/)Aa’/PRE(«). In addition, we have by definition o’a = (/3
iff o & 3 and a 5 3. Using these observations and some propositional reasoning, we get
(1), as desired. —|

Proposition 3.15. F alJip — (PRE(a) — A{O40050 : a =g 6))

Proof The following are provably equivalent.
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1. allge.
2. ol 0.
3. PRE(a) — N{OA005¢0 : o S B

The first provable equivalence is from the axiom epistemic mizr, the many applications of
necessitation and modal logic. The second provable equivalence is from Proposition 3.14
(extended epistemic future mix). =

Proposition 3.16. }/}DA@ — DA}/}gp
Proof Each of these steps holds.
1. F ?DAQD — (YOup A SA/true) by non-branching past.
2. (YO A }A/true) — (4 A ?true) by epistemic past mix and propositional logic.
3. (OaY @A }A/true) — (daY ¢ A .Y true) by non-initial time and propositional logic.
4. (OxY A EIA}A/ true) — DA?QO.
4

The following proposition helps characterize the fact that every epistemically related
state must be the “same time” as the original.

Proposition 3.17. The following hold for each n.
(a) Y™ false — Y™ false (extended initial-time).
(b) F Y™ true — O,Y™ true (extended non-initial-time).

Proof We prove both by induction on n. The base cases for (a) and (b) are the axioms
Y false — [0,4Y false and Y true — DA? true respectively. For the inductive step for (a),
assume F Y™ false — O4Y false. Then F YY™false — YO,V " false and our desired result
comes from the repeated applications of the axiom - Y4¢ — O4Y ¢ and modus ponens.
The inductive step for (b) is similar, but uses prop 3.16 instead of epistemic past miz. -

Proposition 3.18. Ifi # j, then
H [&ei]ej = ;.
Proof The following are provably equivalent:

1. [Jei]ej

2. [ihele; A true
3. [Jei]ej/\[zze,;]ei
4. [hei)(e; A e;)

5. [tes]

6

7

Ye;|—true
- — —[ihe;] true
- T
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4 Epistemic Temporal Models

Capturing a sequence of state models from maximal consistent sets can be challenging, and
it may be easiest to first consider one model whose states constitute the union of the state
models we wish to have in our history. We thus define an Epistemic Temporal Model (ETM),
that augments a state model with two components, one of which is a previous-time relation
Y and the other being a function ¢ assigning the event point that is true at a given state.

Definition 4.1 (Epistemic Temporal Model). Given an event frame F (with A the corre-
sponding set of agents and E the set of event points) and a set ® of atomic propositions,
define an epistemic temporal model (ETM) to be a tuple M = (S, —.,|| - ||, Y, €), where

1. S is a set,

2. —: A — S x S is a function that assigns a binary relation = over S for every agent

AeA,
3. || - || is a function mapping each proposition letter in ® to a subset of S,
4. Y C § x §is a binary relation over S,

5. €: 8 — EU{0} is a function assigning either an event point or () to every state in S.

Ideally the relation Y will partition an ETM into state models so that Y relates a state
in what shall be one state model to a state in what shall be the previous state model. While
the semantics for sequence histories is dynamic, because a new history is constructed every
time past or future operators are considered, we aim to define a static semantics for ETMs,
that is a semantics involving just the one model. Our aim will be for no new instances of
models to be considered in the description of the semantics, just the one original model. The
involvement of the relation Y in an ETM will make the semantics of past easy: the operator
Y will be defined in terms of the relation Y just as [J4 is defined in terms of the epistemic
relation . But the future still presents a challenge, and we will find it helpful to reduce in
the language the occurrences of event operators, operators of the form [1;6]. We will do this
by defining a sublanguage of L.y, that has the reduced occurrences of event modalities,
and then translating every L.,y formula into a provably equivalent in the sublanguage.

4.1 Translation

To simplify the semantics for event operators in the ETM semantics, we limit the occurrences
of event modalities so that strings of event modalities only occur before common knowledge
modalities [Jf. More specifically, we define a sublanguage of L.y, called L, (where rf stands
for restricted form).

Definition 4.2 (Language Ly). Given an event frame F = (E,—#, || - ||#) and a set ® of
proposition letters, let L,(F, ®) be defined to be the set of formulas in the following two
sorted system with formulas and event formulas. Formulas are given by the Bachus-Naur
form:

¢ = true|ple| @AY |n|Oap | Osp| Yo
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where p € ® is an atomic proposition, e € E is an event point, A € A is an agent, B C A is

a set of agents, and ¢, 9, 9, ...
Event formulas are given by

:[wl,...

where ©, ¥, 1, ...

The following definition extends one in [9]. In what follows, let {c(1)} = {c(41), . . .,

’wn? e]D]ESD’ Wl; Cee

, ¥, are formulas, and 7 is an event formula.

awn’e]n

, ¥, are formulas and 7 is an event formula.

c(¢n)}-

Definition 4.3 (complexity). The complexity of a formula in L.,y (F,®) is given by a
function ¢ : L.y — N, defined inductively by

~p)

(
(
cle
(
c(p A1)

1
1
1

= 14cp)

= 1+ max{c(p),c(¥)}

= 1)
1+ c(p)
1+ c(p)

(4 + max{c(¥) }e(p)

In what follows, let [t(1)), €] =

possibly but not necessarily distinct event modalities.

Definition 4.4 (translation). Define the following tranlation:

[t(11), ..., t(¢n), €]. Let a represent a string of 0 or more

t( true) = true t(aipe] true) t(atrue)
t(p) = p t(alieilp) = t(a(y; — p))
t(e) = e t(oz[zé eile:) = t(atrue)
t(a[z/iel]ek) = t(a;) (leerez#k)
H) () Halfelg) = talvi— —ey))
ter Npa) = tpr) Ntpa) | Halel(pr Apa)) = tla([veer A [pe]pr))
HYe) = Vo) | talbelVe) = talti— ) )
WOug) = Oitle)  |HolfelOag) = tlali—= A s, Dalfalo)
(T I V(%) t([¥e]alzyp) = [t()elt(0Tzp)

Definition 4.5 (subformula function). For a formula ¢, let sub(y) be the set of all subfor-

mulas of ¢.

To show this is well defined, we observe the following proposition.

Proposition 4.6. The following hold:

. c(p) > c(y) for all ¢ € sub(p)

1
2
3. ¢
4

ap) > c(ar) whenever c¢(p) > ()
[eilp) > e(vs — p)

> ¢( true)
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([Jei]ek) > (=) (where i # k)
([beil=p) > e(vh; — =[eilp)
c([Pel(pr A ) > cl[elipr A [delia)
([vei]
([vbei]

c

O

Ye]Y o) > (v — )

—

C

L > RS &

Oag) > c(¥; — NMOaerly : e; 7 er})

Proof Most of these cases are from the book [9]. So only select cases are proved here. For

(8):

C €;

c([pe]Y ) = (4 + max{c(¥)})(1 + c(p))
> 1+ max{2 + (), 1 +c(p)}
= c(¢i — @)

For (9):

o([Pe]Dap) = (4 + max{c(¥)})(1 + ()
> 3+ (4 + max{c(¥)})e(y)
= 14 max{2 + ¢(¢;), 1 + max{1 + (4 + max{c()ec(p}}
= (== A= \{Dalderlp : e = ex}))
= c(¥i — /\{DAW@C]S@ Lo Do er})

_|

We now wish to show that the transformation ¢ behaves in a desirable fashion. One can
see that for all formulas ¢ in L.y, t(p) is in L, since any formula not in £ contains an
occurrence of an event modality that is not followed by a common knowledge modality or
another event modality. The translation function is defined to decompose such formulas,
and we see from Proposition 4.6 that such a decomposition either reduces the complexity of
the formula unless the formula has only one symbol or acts on subformulas.

Proposition 4.7. For every formula ¢ € L.1y, c(t(p)) < c(p). We have c(t(p)) = c(p) if
and only if t(p) = .

Proof This is a straightforward proof by induction on the complexity of formulas, where
each step follows from the definition of the translation or from Proposition 4.6. Every change
t makes to a formula reduces its complexity. -

Proposition 4.8. The translation t is a computable function.

Proof We can prove by induction on the complexity of formulas ¢ that ¢(¢) is computable,
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by noticing that every application of ¢ either terminates (in the case of single symbol for-
mulas), acts on subformulas (in the case of formulas whose main connective is not an event
modality), or decreases the complexity of the argument (in the case of formulas whose main
connective is an event modality). =

Definition 4.9 (Syntactic equivalence). We now define a relation = on the set Q7 of strings
of event modalities to be the smallest relation for which the following hold.

e )\ =), where ) is the empty string.

o [be] = [Xf]iff e = f and F ;<> x; for 1 < i < n (where n is the number of event
points in the fixed event frame.

e af=d/F iff a=a' and B =/ for each o, a’, 3,3 € Q.
Lemma 4.10. Whenever @ = B, we have that c(ap) = c(By) for any ¢.

Proof This is a straightforward induction proof on the length of . It uses the fact that for
every event model is «, the corresponding event model in 3 has the exact same preconditions.
The inductive step uses the following equation c¢([e]a/y) = (4 + max{c(1)})e(p), where
we can apply the inductive hypothesis to o/p. —|

Lemma 4.11. For any o € Q2 and ¢ € L.y, ¢(PRE(a)) < c(ayp).

Proof We prove by induction on the number of event modalities in « the stronger claim
that ¢(PRE(a)) + 1 < c¢(ag). For the base case a = [¢e;], and hence ¢(PRE(a)) = c(¢;) <
(4 + max(c(1)))c(gp). For the inductive step, suppose the desired result holds for 3. Then

c(PRE([ei]a) = c(i A [e)] PRE())
= 1+ max{c(¢h), c([Ye;] PRE(0))}
— 1+ (4 + max(c(¢)))c(PRE(q))

()
< (4 4 max(c(¢))) (c(PRE()) + 1)
))c(ap)

-,

< (4 4+ max(c(
= c([fei]ay)

We next wish to show that every formula is provably equivalent to its translation.
Theorem 4.12. For all formulas ¢ in Loy, B o < t(p).

Proof We will prove this by induction on the complexity of ¢. Much of the proof is similar
to a similar proof in [9], but to help with cases involving common knowledge, we will use a
stronger inductive hypothesis that will have two parts.

Inductive hypotheses: Two inductive hypotheses are as follows.

(a) F ¢ < t(¢), whenever c¢(p) < k.
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(b) F a «— o/, whenever a € Q1 a = o' and c(ayp), (/) < k.

We list the base case and the inductive step cases below. Some inductive step cases depend
on other inductive step cases. The cases are arranged so that no case depends on one that
has not yet been proved.

(a) cases ytrue (v € QY), p, e, mp, @ A, Yo, O, Ohp: These are straightforward.
(a) cases [Ye]p, [the]—e, [Pe](pr A ps), [e]dap: These cases are in [9].

(a) case [e;]e;: This case is immediate from the fact that [ihe;]e; is provably equivalent to
true = t([¢ve;)e;) by the axiom future event point mi.

(a) case [Jei]ej (i # j): This case is immediate from Definition 4.4 and proposition 3.18.
(a) case [1e;]Vp: This case is immediate from Definition 4.4 and axiom future past mi.

(a) cases 'y[djei]go, where ¢ = p,e;,e;(5 # i), =X, X1 A X2, Jax, Yx and v € Q: For each of
these, observe that t(y[e;]) = t(vt([e;]p)). Also, given the cases for what ¢ can
be, t([pe;]p) # [hei]p. Then by Proposition 4.7 that c(t([ibe;])) < c([tbei]y), whence
c(vt([Pe)e) < c(v[e)e) = k4 1. Also note that v is not the empty string A, and
hence ¢([the;]@) < c(y[ihei]@) = k + 1. We then apply the inductive hypothesis (a) to
get both provable equivalences in the following (note that necessitation is also used to
establish the first provable equivalence):

YWede = i([dele) = tivt([delp)) = tldely)

(b) case for ytrue (v € Q1): This case is immediate.

(b) cases for v, where p = p, e, =X, X1AX2, JaX, Y x and v € QF: Assume that c(ayyp), c(a’vp) <
k-+1. Note that given the cases for what ¢ can be, t(ayp) # ayp. Then by Proposition
4.7, c(t(ayp)) < c(ayyp) and similarly for a/y¢p. Then

ayp =1 tlayp) = t(d'vp) =3 &'y

The provable equivalences =; and =3 come from inductive steps (a) already proved
above. Note that these (a) cases do not depend on any other cases, only the induc-
tive hypothesis. The provable equivalence =5 is a direct application of the inductive
hypothesis (b).

(b) case Ojp: Assume c(aldhp), c(o/Ofp) < k+ 1. We use the event rule to show that
F ol — o'O5e; the other direction uses the same argument. For every 3,7, for

which o 2~ B, and § & v, we have

(1) F pOse — By and
(2) F pOze A PRE(S) — OayOge, for each A € B.

The justification for these two is from [3] and goes as follows: (1) follows from the axiom
epistemic miz and modal reasoning. For (2), we start with a consequence of the axiom
epistemic miz: = Ogp — O 0%p. Then by modal reasoning, = S0%p — SU40Ge.
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Then by the extended event knowledge axiom (proposition 3.14) and propositional
logic, we have = 050 A PRE(S) — Oay05e.

A simple induction argument on the length of a gives us the following: for every
(' for which o’ LN (', there is a unique 3 for which « LN £ and 8 = 3. Note that
clap) < c(adfp) < k+1 and similarly with /. By Lemma 4.10, ¢(8p) = c(ap) < k+1
and similarly with the 5. We can also use Lemma 4.11 to establish that ¢(PRE(()) <
c(B¢) < k+ 1, and similarly with 5. Thus we can apply the induction hypothesis (b)
to get F By < ['p. A straight forward induction on the length of § together using
many applications of the inductive hypothesis (b) yields - PRE(3) < PRE(S’). Thus
we have

(1) F 80gp — "¢ and
(2") F pOze A PRE(S) — OayOg e, for each A € B.

By the event rule, - aldsp — /O e.

(b) case [Ve]y e (v € QF): Assume c(afe]yOLe), c(o/[Pe]yip) < k+1. This is almost
identical to the case (b) for Oj¢. Replace « in the previous argument with a[t¢e]y and
o with o/[ve]y.

(a) case [e]yTie (v € QF): Assume c([e]y5p) = k + 1. Then

[Wely s =1 [H()elt(vThp) =2 t([elt(YThe)) = t([belyTse).

The first provable equivalence =; comes from the inductive hypothesis (a) and inductive
step (b) cases for yOgp or O, depending on whether v = A in this step. Note that
these two inductive step cases do not make use of any other inductive step case (just
the inductive hypotheses). The second provable equivalence =5 comes from Definition
4.4 and the inductive hypothesis (b).

4.2 Epistemic Temporal Semantics and Histories

Definition 4.13 (Epistemic Temporal Semantics). The semantics shall be defined as the
smallest relation F between pointed epistemic temporal models and formulas in £+ for which
the following holds: M, x E true for all pointed models (M, x) and
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Makp it zelp|

M,zEe iff e=c¢e(x)

M,z E ) iff M,z ¥ ¢ (meaning it is not the case that M,z F 1))
./\/l,xi=1/11/\1/)2 iff M,xhqﬁland/\/l,xhzﬁg

M,z EY ifft M,z E 1y whenever zYz

M,z E Oy iff M,z E ¢ whenever © = 2

M, x E Oz iff M,zhz/)wheneverxﬂ*z

M,z E t(age)) for all sequences of length k£ > 0

A A Ap_1 A

1 2 k
. =g — X1 — " —> L1 — Tk
k
M, T E OéDE(ﬁ ift Aq Ag Ap—1 Ak
O=0q) — Q1 —7q " T Qg1 —Q Ak

such that each A; € B and M, z; F t(PRE(w;)) for each i < k,

Note that if e(z) = 0, there is no event point e which is true at .

Definition 4.14 (Characterizable Epistemic Temporal History). Given an event frame F
and set ® of atomic propositions, a structure M = (S, = || - ||,Y,e) is called an epistemic
temporal history (ETH) if it has the following properties.

1.

Event points: e(z) # 0 iff there exists z such that 2Yz.

2. Partial functionality of Y: If Yz and 2Y 2’ then z = 2/,
3.
4
)

Bounded age: There exists N such that for all z there is no z for which zY V2.

.« . . A .
. Synchronicity: if x — z, then for each n, Y™z’ for some 2’ iff zY"2 for some 2’.

. States a: If uYz, 2Yz, and x # u, then e(u) # £(z). We may view this property using

the following diagram, where solid arrows are assumed in the premise and the dotted
line expresses the conclusion. If u # x then

e(u)#e(x)

States b: For each event point e € E and each k > 0, there exists a formula ¢ € L+ such
that for every « for which Y%z for some z and zY**'2z for no z,

M,z E ¢ iff there is a u such that e(u) = e and uY x.

Relation a: If # < zY2/, there exists an 2’ such that 2Y2' < 2. We may view this
using the following diagram, where the solid arrows are assumed in the premise, and
the dotted arrow is the conclusion.

(Considering the contrapositive, we see that certainty in the past translates to certainty
in the present, which is the perfect recall condition.)
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8. Relation b: If # = 2z, and e(z) # 0, then e(z) S# (z). (This is related to uniform
no-miracles.)

9. Relation ¢: If Y/, Y2, o/ 5 2/, and e(x) = &(2), then & 5 2. (This is related to
uniform no-miracles.) We may view this property using the following diagram, where
solid arrows are part of the premise and the dotted arrow is pant of the conclusion. If
e(w) = e(2)

10. Valuation: If Yz, then M,z E p ifft M,z E p.

An epistemic temporal model satisfying all conditions except states b of a characterizable
epistemic temporal history is called an epistemic temporal history that is not necessarily
characterizable. This notion will be helpful in establishing the proof of Lemma 4.16, which
will show that a ETH is isomorphic to a sequential history, using the following notion of
isomorphism.

Definition 4.15 (isomorphism). A ETM M = (X, —,Y, g, || - ||) is isomorphic to a state
model sequence H = (Sy, S1,...,S,) with S = (Sk, =k, || - ||x) if there exists a bijective
function f from X to |J;_, Sk, such that

Lox e []pl| Hf f(x) € |[pllx if f(K) € Sk.
2. e(x) =eiff f(z) = (y,e) for some y € S with 0 < k < n.
3. x5 2 iff f(x) S f(2) if f(z) € S
4 oY f(x) = (f(2), g(2)).
The function f is called an isomorphism.
Lemma 4.16. Fvery ETH s isomorphic to some sequential history.

Proof Suppose M = (Su,=u,Yu, gu. || - ||) is an ETH for an event frame F and set ®
of atomic propositions. Let

So = {x € Sy : e(x) = 0}.

By event points (condition 1) and partial functionality of Y (condition 2), we can uniquely
map every state z € Sy to (z,e), where Yz and e = e(x). Using this, let

. X T &€ S()
flz) = { (f(2),e) xYze=c¢e(x)

Condition 5, states a, ensures that f is injective. We will partition the image of f into the
carrier sets of state models that form a sequential history. For each k£ > 0, let

Se = {f(x) : 2Y*2 for some z € S, and 2Y**'2 for no z}.

By bounded age (condition 3), there is an N such that for every x € M, f(z) will be in some
Sy for k < N. By synchronicity (condition 4), we know that if f(z) € S and z = z then
f(2) € Sk. Then for each set Sy, we define S, = (Sk, =+, || - |x), where
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1. f(x) 5y f(2) if both S5 z and f(z) € S, (and hence f(z) € Sy).

2. [lpllx = Se N {f(x) : = € [Ipllu}-

We now have a sequence of state models.

Let us construct a list of alleged sequential histories as follows: Hy = (Sp) and for each
k, Hiy1 = (So, ..., Skr1). Finally, we let H = Hy. To see that each Hy, is a history, we must
show that each follows from the previous from some update product. We do not claim in
this lemma we are proving that this sequential history is characterizable. But we will later
use states b (condition 6) and Lemma 4.17 to show that if M were characterizable, then this
sequential history would be too. The relation condition of an update product requires that
if (s,e) and (t, g) both exist, then (s,e) = (t,g) iff both s = ¢ and e =5 g. Observe that
relation a and relation b (conditions 7 and 8) give us the only if, and relation ¢ (condition
9) gives us the if. Finally, valuation (condition 10) guarantees us the valuation condition of
the update product.

The isomorphism properties for f are immediate from the construction of the sequential
history H. -

We finally see that this isomorphism preserves truth of normal form formulas.

Lemma 4.17. Given an epistemic temporal history M, a sequential history H, an isomor-
phism f from M to H, any x € M, and any formula ¢ € L,

M,z E o iff f(z) € [¢)(prvh*(H)),
where k is such that f(x) € prvh*(H).
Proof Fix an epistemic temporal history M = (Sy, —ar, Yar, ens || - ||a7) and a sequential
history H. Let H = (So, . ..,Sn), where for 0 < k < N, Hy, = (So, ..., Sx) and S = (Sk, —&
A Il)-

We prove the desired result by induction on the complexity of the formula .

Inductive hypothesis: M,z F ¢ iff f(x) € [¢](Hy) for each = for which f(z) € Sk, and
each ¢ € L for which ¢(p) < j.

base cases true, p, e: These are straightforward from definitions. Note that e(z) = e iff
f(z) = (y,e) for some y € Sy with 0 < k < n.

cases — and ¥; A Y9: These are also straight forward.

case Y1: We first consider such that f (x) € Sp. By definition of f, there is no z such
that Yz, and hence M,z E Y. As Hy has no past, f(x) € [Y¢](Ho).

Next suppose f(x) € Sk for k > 0. By the property zYz iff f(z) = (f(2), g(x)), there
is exactly one z for which xY z. Hence the following are equivalent:

1. M,z E Y

2. M, zE

3. f(2) € [¥)(Hi-1)

4. f(z) € [YU](He)
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cases [J49 and Uy These come from the tight connection between 2 in M and 5, in
each Sj. Note that if # 2, 2, then f(z) =) f(z) for some k, and hence f(x) and
f(2) are in the same state model.

case allzy for a € Q: First suppose that M,z ¥ alJz1. Then there is a sequence

Aq Ag Ag—1 Ag
T=T9g — X1 — " — Tp_1 — Tk

in M such that £ > 0, each A; € B, and a sequence

Ay Ag Ag—1 Ay
a@=0q) —Q 1 —q " T Q1 —Q Ok

such that M, z; E t(PRE(q;)) for each 0 < ¢ < k, and M,z F t(—agy)). To apply
the inductive hypothesis, we observe that c(t(PRE(;))) < ¢(PRE(q;)) < c(autp) =
clay)) < c(adpy) and c(t(—agy)) < c(—apt)) = c(—arp) < c(aldfy) (note that a # N),
by Proposition 4.7 and Lemmas 4.10 and 4.11. After applying the inductive hypotheses,
we use Lemma 3.10. The other direction is parallel to this one.

_|

Lemma 4.18. FEvery characterizable ETH is isomorphic to some characterizable sequential
history.

Proof 1In the proof of lemma 4.16, we constructed a sequence of state models S; and
histories Hy. We wish to show that Hy,1 = Hi ® [F]. For each k > 0, we have by states
b (condition 6) a formula ¢; for each e;, such that for every x where zY*z for some z and
xY*+1z for no z,

M,z @; iff there is a w such that e(w) = ¢; and wY x.

We let ¢ be the list of each of these formulas. Our desired result follows from lemma 4.17.
_|

4.3 Bisimulations

Definition 4.19 (Bisimulation between ETMs). A bisimulation between ETMs M; =
(S1,—1,Y1,e1, || - |l1) and My = (Sa, —9,Ys, €9, || - ||2) is a relation R C S; x Sy such that the
following hold.

. if zRz then for all p € @, x € ||p||; iff z € ||p||2

. if xRz then &1 (z) = e9(2).

Cif 2Rz and x 3, 2’, then there exists 2’ such that 'Rz’ and z N

. if xRz and zY72’, then there exists z’ such that 'Rz’ and zY52'.

1
2
3
4. if zRz and z 2, Z', then there exists 2’ such that 'Rz’ and z N
5)
6. if Rz and zY57’, then there exists 2’ such that 'Rz’ and zY;7’.
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Two states z and z are said to be bisimilar if xRz for some bisimulation R. If there is a
bisimulation between two ETMs, they are said to be bisimilar.

Lemma 4.20. If M and My are two ETMs, x € S1, z € S, and x and z are bisimilar,

then for every i € L,
My, x EY iff Mo,z E Y

Proof Let R be a bisimulation between M; and M, for which xRz. We prove this by
induction on the complexity of the formula.

Inductive hypothesis: My, aE ¢ iff My, b E ¢, whenever ¢(¢) < k and aRb.
Base cases true, p, e: These come directly from the definition of bisimulation.
Cases —), 11 A1)y, Yb, O9p: These use standard modal arguments.

Case [y Suppose that My, x ¥ gy, Then My, 2z F =0Qx. Then there exists a path
of states connected by epistemic relations for agents in B from z to another state z’
for which —) is true. Repeating property (3) of the bisimulation gives us a path using
the same relation from z to 2’ for which 2’ Rz’. We apply the inductive hypothesis to
determine that My, 2’ E =1, and hence My, z ¥ (51 The converse is similar, except
we use property (4) rather than (3).

Case aldjy (o € Q): Suppose that My, 2 ¥ ad5. Then there exists a sequence

Ay Ag Ag—1 Ay,
T=To—T1 —7 " = 7 Tk—1 7 Tk

in M, such that £ > 0, each A; € B and a sequence

Ay Ag Ap—1 Ay,
ad=0) — 01 —Q " Q01 —Q Ok

such that My, z; E t(PRE(qy)) for each 0 < i < k, and M1,z F t(—age)). Similar to
the LI case, we construct a path in Ms from z to a state z;. To apply the inductive
hypothesis, we observe that c(t(PRE(q;))) < ¢(PRE(q;)) < c(at) < e(aldfy) and
c(t(—ax)) < c(—agy) < c(adgy), by Proposition 4.7 and Lemmas 4.10 and 4.11.
The converse uses a parallel argument.

5 Filtration and Model Shaping

5.1 Generating (Closure) Function

In the completeness proof, we will fix a consistent formula in L.y that is provably equivalent
to formula ¢ € L,s. We will construct a characterizable Epistemic Temporal History (ETH)
that satisfies ¢, by first constructing a filtration that is an Epistemic Temporal Model (ETM),
and then modifying the model to one that is a characterizable ETH. To create a filtration, we
first define a closure function ¢l : L, — P(L,). We will then perform four transformations.
First we will pick one state [U] in the filtration which satisfies ¢, and unravel the filtration
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with [U] as the root. A bisimulation will be established, and hence the truth lemma for the
filtration can be transferred to the unraveled model. Another transformation will be made
to trim the relation Y so that it is both a partial function bounded by the yesterday depth
of the formula ¢, which we define as follows:

Definition 5.1 (yesterday depth function). Define dep : £, — Z to be a function mapping
L. to non-negative integers as follows:

1. dep(true) = dep(p) =0

2. dep(e) =1

3. dep(—yp) = dep(Hap) = dep(Ugp) = dep(y)

4. dep(p A 1)) = max{dep(),dep(¢)}

5. dep(Y ) = dep(yp) + 1

6. dep([th1; ..., ¥n, e|p) = max{dep(¢1), - ,dep(¢,), dep(p)}

The next transformation will add epistemic relational connections to ensure the relation
property of the update product holds. The trimming transformation and the transformation
of adding epistemic operators will not establish a bisimulation between the old and new
models, but it will ensure that formulas in ¢l(p) with yesterday depth k& will be preserved
at states within k£ Y-relational steps from a Y-terminal state.

Definition 5.2 (Effective negation). For any formula ¢ that is not a negation, let ~ ¢
represent —p and let ~ —y represent .

Definition 5.3 (Closure function). Let ¢l : L — P(Ly) be defined where cl(yp) is the
smallest set for which the following hold.

1. v € cl(yp).

true € cl(yp).

{0V false, Oa—Y*false : A€ A1 <k <dep(p)} C cl(p).
If p € cl(p) and dep(p) > 0, then Yp € cl(p).
If dep(¢) > 0, then {e,0s—e:e € E, A€ A} C cl(yp).
If ¥ € cl(p), then sub(¢)) C cl(yp).
If ¥ € cl(p), and 1) is not a negation, then =) € cl(yp).
If Oavp € cl(p) and dep(p) > dep(Lla), then
{YOu,OxY Y} C cl(p).

9. If Ogep € cl(yp), then {0,050 : A € B} C cl(yp).
10. If adgy € cl(y) (o € Q2), then

{tPRE(B)),t(BY) : a = B} C cl(p) and {08050 : a = B, A€ B} C cl(yp).

11. If Y € cl(p), then Y ~ ¢ € cl(p).

A B A

Lemma 5.4. Given ¢ € L, cl(p) is a finite set of formulas in L that is computable from
©.
Proof We show this by induction on the complexity of the formula ¢.
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Inductive hypothesis: Suppose cl(yp) is finite whenever ¢ € L, is such that c¢(p) < k.
Base case true: cl(true) = { true, —true}.
Base case p: cl(p) = {p, —p}.

Base case e:

cl(e) ={e, —e} U {Y true, =Y true, Y false, -Y false}
U {04—e, ~O4—e, 4Y false, =04 —Y false : A € A},

which is finite as A is finite.
Case —y: cl(—p) = {—-p} U cl(p).
Case @1 A wa: cl(pr Apa) = {1 A, =(01 A )} U cl(pr) U cl(pa).
Case Y:

cl(Yp) = cl(p)

U{=Yp, 7Y ~ 0, Y ~p,~p}

U {04V " false, -, Y* ! false, 4 —Y**! false, (0,4, ~Y " false : k = dep(y)}
U {Y*! false, -Y**! false, Y =Y * false, =Y =Y * false : k = dep(p)}
U{Yp,~Yp,Y=p,~Y-p:pe cle)}

UV T, V-Olath, 04V : Db € cl(), A € A}

U (=¥ 0uth, =¥ ~Oat, =04V : Oath € cl(y), A € A},

Case Uayp: cl(Hap) = {Hap, "Uap} U cl(p)
Case [ho: cl(Ofp) = {04050, 04050 A € A} U{O5e, "Oge} U cl(p).
Case alJfp (a € Q): Suppose c(allhp) =k + 1.

cl(adzp)

= {04800, ~0aB05p, 8050, ~f05p : A€ B,a = 5}
U {040gp, "O40g0 : A € A} U{Tgp, 200} U cl(p)

Ul JLelt(PrE(S)) - 0 = 5Y.

Note that there are finitely many g3 for which « LN 0, the number of such § being
bounded by the product of the length of o and the size of the set E of event points in
the fixed event frame. It is immediate from the definition of ¢, that c(aldgp) > c(ap).
By Lemma 4.10, for each ¢, ¢(B¢) = c(ayp), by Lemma 4.11 ¢(PRE(3)) < c(By),
and by Proposition 4.7, c(t(PRE(S))) < ¢(PRE(()). Thus we are able to apply the
inductive hypothesis.

To see that ¢l is a computable function, note that the cases in the inductive proof above
provide a clear algorithm for computation. To see that cl(¢) C L, one can check that
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strings of event modalities are only introduced after operators of the form [ and that L
is closed under subformulas and under the attachment of non-event modality operators. -

In completeness proof, we will need a truth lemma that asserts that states a certain
yesterday distance from one particular state must satisfy the formulas in its equivalence
class that are also in a set of formulas that depends on this distance. The sets clg(¢)’s in
the next definition will be those sets of formulas, and dep(¢) — k will be the distance.

Definition 5.5 (Functions for layersets). For each k < dep(y), define cly(p) = {¢ € cl(p) :
dep(y) < k}.

Proposition 5.6. clyepx,) (@) = cl(p)

Proof The rules that explicitly involve event points e or operators Y in Definition 5.3
are 3, 4, 5, 8, and 11, and each of these rules either adds formulas with yesterday depth
no greater than one already in cl(p) or has conditions ensuring that any formula added to
cl(p) will have a yesterday depth that does not exceed that of ¢. As for rule 10, which
involves strings of event modalities, note that whenever « LN 0B, a and 3 only differ in the
event points in each event modality, and hence a and 3 contribute the same to the yesterday

depth. Finally note that the translation ¢t does not affect the yesterday depth of a formula.
_{

5.2 Filtration

Definition 5.7 (Equivalence of Maximal Consistent Sets). For a formula ¢ € L, suppose
c(p) = {¢1,...,¥,}. We define, for each maximal consistent set U of formulas in Ly,
the formula U* to be the conjunction +; A --- A £1),,, where the sign is determined by
membership in U. We define an equivalence relation = over maximal consistent sets by
U=V ift U* = V*. For each maximal consistent set U, we shall denote its equivalence class
by [U].

The formula U* and relation = both depend on ¢, but we do not reflect this in the
notation, as we will assume U* and = to be fixed as ¢ is fixed. We define our filtration
assuming that dep(y) > 0. If dep(¢) = 0, we could use the exact same argument as given
for the proof of the completeness of DEL in [3].

Definition 5.8 (Structure My (filtration)). We define the filtration My to be the tuple
(Sp,—r,Yr,gr, || - |F), defined such that

1. Sp={[U]: U is a maximally consistent set},

A

2. [U] = [V] iff whenever Oa9 € U N cl(p), then also ¢ € V,

3. [U]Yr[V] iff whenever Yo € U N cl(p), then also ¢ € V,

W

. ep: S — EU{0} is defined by ep([U]) = e iff e € UN cl(yp),

Nplle ={[U]:p e Un cl(e)}-

(S48
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It is important to note that e is a well-defined function. This fact comes from the
definition of ¢/ and the axiom uniqueness of event points.

Proposition 5.9 (Existence Lemma for 5z). If U* A OAV* is consistent, then [U] = [V].

Proof The proof depends on the definition of the relation in Sg, rather than the exact
nature of the equivalence classes. Most of this proof is from [3]. Assume 49 € U N cl(yp),
and toward a contradiction that ¢» € V. Since ¢ € cl(p) and —¢) € V, we have - V* — ).
Thus, F OAV* — O, and so = U* A QAV* — O A Oa—1p. Hence U* A QAV* s

inconsistent. N

We use the following definition from [3]:

Definition 5.10 (Good Path). Suppose —alli) € L. A good path in Mg from [Vp] for
—allzy is a path

Vo] 25 ] 22 - 2525 Vo] 25 (W]

in Mg, such that k£ > 0, each A; € B, and a sequence

Aq Ay Ap_1 Ag
QG=0qp — 0 —> T Q1 — 7 Ok

such that t(PRE(«;)) € V;, for all 0 <i <k, and t(—az) € Vj.

Lemma 5.11. Let [o]O50 € cl(p). If there is a good path from [Vy] for —alji, then
—allgy € V.

Proof This proof is almost the same as the one in [3]. We prove this by induction on the
length k of the path. If £ = 0, then t(-aw)) € V. If maldgy € Vj, then aldgy € V. Because
aldiy € cl(p) and aldfy — aap is provable, we have t(aw)) € V), a contradiction.

Assume the result for k, and suppose that there is a good path from [Vp] for malJ51) of
length k£ + 1. Using the notation in Definition 5.10, there is a good path of length k from
(V1] for ma;0%1. By the definition of ¢l, we have that ;050 € cl(¢). By the inductive
hypothesis, ~a; [l € V.

If maldzy ¢ Vo, then aldzy € V. From the axiom epistemic miz, we have - Oz —
L4057, By modal reasoning, we obtain - allzy — ald Uz, By lemma 3.14, - aldsp <
(PRE(a) — A{OufBy : a Sq B}). Hence we have alliy) A PRE(a) — O, As Vj is
a maximal consistent set, Vj contains aJ51) A t(PRE(«)) — Oaalgy. Thus V, contains
Oaadfy. By the definition of ¢l, this formula also belongs to cl(¢). By the definition
of & r, we see that ayUgy € Vi. This contradicts our observation at the end of our last
paragraph. -

Lemma 5.12 (Existence Lemma for Good Path). If Vi' A maldg is consistent, then there
is a good path from [Vy] for —alJ5.

Proof This proof makes use of the fact that the filtration is finite. This proof is almost
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the same as the one in [3]. For each § such that « 273, let Sz be the (finite) set of all
(W] € Mp such that there is no good path from [W] for —=f0g. We need to see that
(Vo] € Sa. Suppose toward a contradiction that [V] € S,. Let

xp = \V{W": [W] e S}

Note that —xs is provably equivalent to \/{X* : [X] € Mp and [X]| & Sz}. Since we
assumed [Vp] € S,, we have F V" — x,.

We first claim that for 3 such that « LNy B, xg A~ is inconsistent. Otherwise, there
would be [W] € Sj such that x3 A—=py € W. Note that by the extended event model partial
functionality axiom Proposition 3.13 (with =) instantiated for ¢) and both propositional and
modal logic, = =41 — PRE(f). But then the one-point path [W] is a good path from [W]
for =05, Thus [W] & Sg, and this is a contradiction. So indeed, x5 A = is inconsistent.
Therefore, = x5 — 5.

We next show that for all A € B and all v such that 3 = 7, xg A PRE(8) A Oa—x,
is inconsistent. Otherwise, there would be [W] € Sz with xg, PRE(3), and Q4—x, in it.
Then \/{04X* : [X] & S,}, being equivalent to ¢ 4=y, would belong to W. It follows that
OaX* € W for some [X] ¢ S,. By proposition 5.9, [W] % [X]. Since [X] & S,, there is a
good path from [X] for =y5e. But since 3 5 4 and [W] contains PRE(S), we also have
a good path from [W] for =f0%e. This again contradicts [W] € Sz. As a result, for all
relevant A, (3, and 7, we have that - yg A PRE(8) — Oax..

By the event rule, - x, — aldzy. Now = Vi — x,. So = V" — aldgy. This contradicts
the assumption with which we began this proof. -

Proposition 5.13 (Existence Lemma for Yz). If U* A YV* is consistent, then [UYr[V].

Proof (This proof is similar to existence proof of <5 in [3]) Suppose that it is not the
case that [U]Yx[V]. Then there is a 1 such that Y € UN A but ¢ ¢ V. Then ¢ € A and
—p € V, and hence - V* — —¢. Then - YV* — Y=, and so F U* AYV* — Y4 A Y —ip.
Hence U* A Y V™ is inconsistent. The desired result comes from the contrapositive. -

Corollary 5.14. IfU*AY true is consistent, then there exists a [V] € Sp such that [U]Yp[V].

Proof We argue using the contrapositive, and appeal to Lemma 5.13. Let us list the
equivalence classes of Sg by [Vi],...,[V,]. The fact that [U] = [V;] for some ¢ does not play
an important role here. The following are equivalent:

1. b =(U* AYV;) for each i

2. F(RU*VY V) A A(RU* VY=V
3. F UV (Y-VF A AY V)

4. F =U* VY —true

5. F —(U* AY true)

If there does not exist a [V;] such that [U]Yr[V;], then we apply Lemma 5.13, to get condition
(1) above, which states = =(U*AY V.*) for each ¢, and hence we conclude condition (5), which
states that U* A'Y true is inconsistent. =

32



5.3 Truth Lemma for Filtration

Lemma 5.15 (Truth Lemma for Filtration). For each x € cl(¢) and equivalence class
[U] € Sr,
x €U iff Mp,[U] E x.

Proof We prove this by induction on the complexity of a formula.

Inductive hypothesis: Suppose for each x € cl(p) for which ¢(x) < k and each equiva-
lence class [U] € Sp, x € U ift Mg, [U] F x.

Base case true and p: These are straightforward.

Base case e: Note that for e to be in cl(y), where dep(y) > 1 the following are equivalent:

l.eeUnNcl(y)
2. 8F([U]> =€
3. Mp,[UlEe

Case [41: First suppose that (041 € U. We wish to show that Mg, [U] E Oat. Let [V]
be such that [U] SN [V]. Then by definition of 2,9 € V. Since ¢ < Oy, we apply
the inductive hypothesis to get Mg, [V] E 1. Conversely, suppose Mg, [U] E O,
and we wish to show that [J4¢ € U. Suppose for a contradiction that $,—¢ € U. We
observe that F =) < \/{W* : W is a maximal consistent set and =) € W}. Then we
use the fact that {4 distributes over disjunction to see that U* A {4—1) is logically
equivalent to \/{U* A O4V* : = € V'}. Since U* A O, is consistent, one of the
disjuncts U* A O oAV* must be consistent. We assumed that V' was such that = € V.
Then by the inductive hypothesis, we see that Mg, [V] E —1. By Proposition 5.9,

A

(U] =F [V]. We conclude that M, [U] E ¢4, a contradiction.
Case [j1: This case is simpler than the case for alJgz1, but follows the same reasoning.

Case alJjy. Let us first suppose that a5y € U and we wish to show that Mg, [U] E
—adg. By Lemma 5.12, there is a good path from [U] for —alJ31. Let k be the
length of the good path. For each i < k, PRE(q;) € U; and t(PRE(q;)) € cl(p),
and by Proposition 4.7 and Lemmas 4.10 and 4.11, ¢(¢(PRE(w;))) < c(aldze). Thus
by the inductive hypothesis, M, U; E t(PRE(«;)) for each i < k. Also note that
t(—ag) € cl(p), as ez € cl(p). As a # A and by Proposition 4.7 and Lemma
4.10, c(t(—agy))) < e(—agh) < c(adga). Since the path is good, U; contains ¢(—ay1)).
Hence by the inductive hypothesis, M, [Ux] E t(—ax1)). Our desired result follows from
the semantics. Conversely, suppose M, [Ux] F =alJ51. By the semantics, there is a
path in M witnessing this. A similar argument to the one used for the converse can
be applied here to show that the path is good from [U] for —ma—§y. Then by Lemma
5.11, U contains —~allz.

Case Y¢: (This argument is essentially the same as the argument for [J4.) Suppose
that Yo € U. We wish to show that (Mp, [U]) E Y. Suppose [V] is such that
[U]Yp[V]. Because Y¢» € U N cl(p), we have that ¢ € V. By the inductive hy-
pothesis, (Mg,[V]) E 9. Conversely, suppose that (Mp,[U]) F Y%, and toward
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a contradiction that ?—@ € U. Then U*N }A/—ab is consistent. We observe that
F =)« \/{W* : W is a maximal consistent set and —1) € W}. Then we use the fact
that Y distributes over disjunction to see that U* A YV* is logically equivalent to
V{(U*AYV*) : =ap € V}. Since U* AY =) is consistent, one of the disjuncts U* A Y V*
must be consistent. We assumed that V' was such that —=¢) € V. Then by the inductive
hypothesis (Mg, [V]) F =¢. By Lemma 5.13, [U]Yr[V], and thus (Mg, [U]) E Y .

_|

5.4 Properties of the Filtration

Our aim is to construct a characterizable ETM (epistemic temporal history), which was
defined by Definition 4.14). The following lemma specifies which properties of an ETH we
have, and we will see that not all properties are guaranteed. The numbering in the list of
properties in the lemma that follows matches the numbers for those in Definition 4.14.

Lemma 5.16. If dep(yp) > 1, then the filtration Mg has the following properties.

1. (Event points) ep([U]) # 0 iff there exists [V] such that UYrV .
8. (Relation b) If [U] S5 [V] and ep([U]) # 0, then ep([U]) S5 ep([V]).
10. (Valuation) If [U)Yr[V], then Mg, [U] E p iff Mp,[V] E p.

Proof The proof of these come from the definition of the closure function cl.

Event points: This condition comes from the axioms past event point miz together with
the fact that event points formulas e and Y true are in cl(y) whenever dep(p) > 1,
allowing us to apply the truth lemma.

Relation b: This condition follows from the axiom restriction together with the definition
of cl.

Valuation: Suppose that [U]Yr[V] and [U] € [|p[|r. Then p € U N cl(p), and for that to
happen, p must occur in ¢. If dep(¢) > 1, then Yp € cl(¢), and by consistency, Yp €
U. By the truth lemma My, [U] E Yp, and thus My, [V] E p, whence [V] € ||p|r.

Conversely, suppose that for every [V] for which [U]Y[V], [V] € ||p|lr. Suppose also
that there exists a [V] such that [U]Yr[V]. Then p € VN cl(p), and hence M, [V] E p.
As this is true for every such [V], we know that M, [U] F Yp. As long as dep(p) > 1,
we have Yp € cl(p) by the definition of cl. Hence by the truth lemma Yp € UNcl(yp).
Similarly, we can establish that Ytrue € UN cl(p), and hence by consistency p €
UnNcl(yp) (that is [U] € ||pllr).

_|

Thus we can only guarantee three of the ten properties that an ETM must have in order
to be an ETH. What about the other seven properties? Four of the seven do not correspond
to the proof system at all. These are 3 (bounded age), 5 (states a), 6 (states b), and 9 (relation
¢). The other three of the seven properties that we lack are 2 (partial functionality of Y),
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4 (synchronicity), and 7 (relation a). Note that these correspond to infinite axiom schema,
where an infinite axiom scheme has infinitely many instantiations. As cl(y) is finite, the
filtration can only accommodate a finite number of axioms out of an infinite axiom scheme.
In some cases, only finitely many instantiations of an infinite axiom scheme are needed.
This would be the case with past atomic permanence, which would be infinite if the set ® of
atomic propositions were infinite. Only the axioms corresponding to proposition letters in the
given consistent formula ¢ are needed. But with partial functionality of Y, synchronicity,
and relation a, finitely many instantiations does not seem to be enough to guarantee the
corresponding properties in the filtration.

We can, however, establish synchronicity up to the yesterday depth of the formula ¢,
and it turns out that we will be able to transform our filtration into an equivalent one
(equivalent in the eyes of the formula ) that is trimmed at this yesterday depth, thus
ensuring full synchronicity.

Proposition 5.17 (Bounded synchronization). If dep(p) > 1 and [U] = [V], then if k <
dep(p), [UIYR[U'] for some [U’] if and only if [VIY*[V'] for some [V].
Proof We assume that dep(p) > 1 and that [U] & [V]. Then for the first direction
of the biconditional, assume that [U]Y*[U’]. By Definition 5.3 (items 3 and 6), —~Y* false
and OJ4—Y* false are in cl(p), and as M, [U] F —Y*false, we use the truth lemma to get
—Y*false € U. By consistency, J4—Y*false € U. Finally, by the truth lemma M, [U] F
O4—Y* false, from which our desired result is immediate.

For the other direction, we assume that [U]Y*[U’] for no state [U’], and the rest of the
argument is similar. -

5.5 General Strategy

The general strategy for the rest of the proof is to shape the filtration into another ETM
that does have all 10 desirable properties. To establish these, we will perform the following
types of transformations.

Unravelling: The first transformation will be to unravel the filtration into a bisimilar ETM
that is more tree-like in structure. A tree-like structure allows a state to be related to
many different states, but no two states can be related to the same state. This would
make conditions 5 (states a) and 9 (relation ¢) hold vacuously, as the antecedents in
these conditions involve two states related to the same state. In order to establish de-
cidability, we will aim for a finite ETH in the end of all transformation. The particular
unravelling we will then use will not produce a tree, where no two states are related
to the same, but will produce a model that is enough like a tree to ensure that no two
states can be related to the same state if one of the relational connections is Y. This
will still ensure conditions 5 and 9 hold vacuously.

Trimming: There are two ways in which we will trim the unravelled model. One is to remove
any state whose path from the root of the (partially) tree-like unravelled structure
contains no more Y-relational steps than dep(y), where ¢ is the fixed consistent formula
we are finding a model for. This trimming will ensure we have the properties 3 (bounded
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age) and less obviously 4 (epistemic synchronicity), but we will lose the property 1
(event points), as there may be states that are not Y-related to any other state, but
assigned an event point by . The way to resolve this will be to modify the e function
slightly, and have the truth lemma only apply to formulas in clj(¢) at states that are
k Y -relational steps from such a Y-terminal state.

The other type of trimming will be to select from every state one Y-related state
to keep and remove all other Y-related states. This will ensure condition 2 (partial
functionality of Y').

Modifying e: This step will redefine the ¢ function at states that are not Y-related to any
other state, such that these states are mapped to (). Note that the () indicates just that
fact that the state mapped to it is not Y-related to any other state. This modification
will reestablish condition 1 (event points).

Expanding =: The whole goal of this step is to establish condition 7 (relation a), also
known as perfect recall. It asserts that if there is a relational connection between two
states (indicating uncertainty), then there was a corresponding relational connection
at the previous stage (given by the states’ Y-successors). The modification thus adds
epistemic relational connections between past states when needed Now introducing
new relational connections may disrupt the property we established from unravelling,
that guarantees that no two states are related to the same state if one of the relational
connections is a Y connection. Recall that the two conditions we were able to obtain
from this are 5 and 9. Condition 5 is vacuously true as long as no two states are
Y-related to the same state, and this remains true as we are only adding epistemic
relational connections. Condition 9 states that if there was a relational connection
before, their future states will also be related to each other, unless the event points
corresponding to them indicate there was learning. Since the unraveling step, no two
states are Y-related to the same state; hence each state has a unique future. Thus for
a relational connection to be introduced during this step, there must already have been
a relational connection between the corresponding future states, and hence condition
9 will still hold as well.

Modifying || - [|: This last step is only needed if we wish to ensure that the resulting ETH
is characterizable. Its entire goal is to ensure that condition 6 (states b) holds, which
asserts that the set of states at one stage that can be successfully updated is char-
acterizable by a formula v; that is, the set of states at a particular distance from a
Y -terminal state in which ) is true are those states with a Y-predecessor. An easy way
to do this that does not interfere with any of the other properties that have already
been established, is to make such formulas atomic propositions that do not occur in
the formula ¢ which we are trying to find a satisfiable ETH for. We thus need an
arbitrary number of proposition letters available. Thus completeness with respect to
characterizable histories requires the set of symbols of the language be infinite (with
infinitely many atomic propositions), and completeness with respect to histories that
are not necessarily characterizable can be established for languages with finitely many
symbols.
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We depict this discussion in the following table. The numbers 1 through 10 correspond
to the 10 properties of an ETH (Definition 4.14).

11213 51671819110
filtration Y|{-|-]-]-/-/-1Y]-1Y
unravelling Y| -|-]-|Y|-]-1Y|Y|Y
trimming -IYI Y[ Y|Y| - |-|Y|Y|Y
modifying e YIY|[Y|Y|Y|-]|-|Y|Y|Y
expanding = |[Y|Y|Y|Y|Y|-|Y|Y|Y|Y
modifying ||| [ Y| Y| Y |[Y|Y|Y|Y|Y|Y|Y

Y means that the model has the property, and ‘-’ means that the property is not guaranteed.

To be more concise in the sections that follow, we will combine the step trimming with
modifying € and expanding = with modifying | - ||. It is not as easy to combine any of
the unravelling, trimming, or expanding steps together, and it is helpful to focus on them
separately.

5.6 Unraveling

Unraveling is a method of transforming a model into another whose states contain a record
of the relational steps taken to get from a particular given state. As we have discussed in
the last section, unraveling will be key to establishing conditions 5 (states a) and 9 (relation
b). The most common type of unravelling is to record every relational step of every type
of relation from a particular state, and the result of this unravelling will be a tree, which is
likely to be infinite. As one of the operations we will be performing on our model is to trim
away the states that have too many Y-relational connections from the root, we will unravel
in the Y direction, but maintain the finiteness of the epistemic relational structure. Thus
we will use the following partial unraveling.

Let ¢ be our fixed formula in L, for which we are trying to find a model. Let [U] be an
equivalence class containing ¢, whence Mg, [U] E ¢. We then generate the following new
set of states.

Definition 5.18 (Set Sy). Let Sy be the smallest set containing [U] that is closed under
the following operations:

1. [U] € Sy

2. zE[W] € Sy if z € Sy and either
(a) z=[U] and [U] =5 [W] for some A € A,
(b) 2E[V] € Sy for some [V] € Sp in which [V] %5 [W] for some A € A.
(¢) z = 2Y[V], with # € Sy and [V] S5 [W] for some A € A

3. 2Y[W] € Sy if z € Sy and either

(a) z=[U] and [U]YFr[V]
(b) z = zE[V], with x € Sy and [V]Yr[W]
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(c) z=aY[V], with z € Sy and [V]|Yp[W]

Note that part 2 (b) is different from the other parts, in that it does not consider the
structure of z. Considering the structure of z would have been a natural way of defining
states such as [U]E[V]E[W], where there is an Sp state directly between two E’s. But this
would be too similar to a complete unravelling, and we wish to avoid such situations. The

intention of this definition rather is to indicate that [U]E[V] € Sy only if [U] L*F [V] rather

than [U] 5 [V] for some A € A.

We define a function cls : Sy; — Sp by cls([V]) = [V] for each [V] € Sy N Sp, and
cls(zE[V]) = cls(zY[V]) = [V]. We then generate the partial unravelling as the following
structure.

Definition 5.19 (Unraveled Filtration). Define My = (Su, —v, Yu,euv, || - |lv) by

1. Sy is defined by Definition 5.18

2. x Sy 2 iff cls(z) S p cls(z) and any one of the following conditions hold:

x = [U] and z = [U]E[V] for some [V] € Sg

(b) z = wE[V4] and z = wE[V;] where w € Sy and [V4], [V5] € Sp
r =wY[V;] and z = zE[V3] for w € Sy and [V4], [V5] € Sk

3. 2Yyz iff z = 2Ycls(z) and cls(z)Yr cls(2)

4. ey(z) = ep(cls(x))

5. x € [jpllv iff cls(z) € [Ipllr

We try to visualize the relational structure of My as follows:

where for each V', Vis (isomorphic to) the submodel of M consisting of states epistemically
reachable from [V]. The E above the arrows is suggestive of the names of the states, and
each = corresponds to possibly many relational connections for each agent. The symbol Y
on a vertical branch represents one Y -relational connection. It is conceivable that there may
be an infinite string of these Y-relational connections. We have only shown strings of length
two represented by two vertical branches in series. One goal of Section 5.7 will be to ensure
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that such consecutive branches are no more than dep(y) in length. The dots ... next to
the Y on some vertical branches tell us that the branch need not be the last one, that there
may be many more vertical branches. Due to Proposition 5.17, each state in the submodel,
say V, will have at least one branch coming out of it, assuming that dep(y) is greater than
the number of Y steps above it. The parenthetical dots (...) emphasize the undesirable
possibility that there may be more than one Y branch from the same state. Another goal
of Section 5.7 will be to eliminate such a possibility, and to ensure that the relation Y is a
partial function.

5.6.1 Truth Lemma for My

We shall use the following bisimulation to establish a truth lemma for M.

Lemma 5.20 (Bisimulation between filtration and unraveled filtration). The function cls
from Sy to Sp defines a bisimulation between My and Mp.

Proof By definition of My, for each x € Sy and p € ®, z € ||p||v iff cls(x) € ||p||r. Also
by definition ey (z) = ep(cls(x)).
Next, note that it is required that cls(z) =5 cls(z) for  5¢ 2. Suppose cls(z) =5 [W].
If x = [U], let z = [UJE[W]; if x = aE[V], let z = «E[W]; if x = aY[V], let z = zE[W]. There
are no other forms that z can take, and in each of these cases, >y z and cls(z) = [W].
Next, note that it is required that cls(z)Yp cls(z) for Yy z. Suppose that cls(z)Yr[W].
Set z = xY[W]. Then xYyz and cls(z)YF cls(z). -

Define fml by fml(xz) = V N cl(p), for some V € cls(z) (note that we are defining fml for
a fixed ).

Lemma 5.21 (Truth Lemma for Unraveled Filtration). For each x € cl(y) and x € Sy,
X € fml(x) iff My, x E x.

Proof By lemmas 5.20 and 4.20, given any ¢ € Ly and z € Sy, Mp,cls(z) E o iff
My, xz E . We appeal to the truth lemma for the filtration Mg to obtain the desired
result. .

5.6.2 Properties of My

Lemma 5.22. If dep(p) > 1, then the unraveled model My has properties 1 (event points),
8 (relation b), and 10 (valuation) (which are the properties that Mg has) together with the
following.
5. (States a) If uYz, Yz, and u # x, then e(u) # (x).
9. (Relation ¢) If xYa', 2Y2', &' 5 2/, and e(x) = (2), then z 2 2.

Proof
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1. Event points: This condition states that e(z) # 0 iff there exists a y such that zYyy.
Then the following are equivalent.

ev(z) # 0.

er(cls(z)) # 0.

There is a [Z] such that cls(z)Yr[Z].
There is a z such that xYyz.

= W =

The equivalence of (2) and (3) is from Lemma 5.16. The equivalence of (3) and (4) is
immediate by setting z = xY[Z].
5. States a: This property is vacuously true, as there can be no two states Y related to

the same state. For suppose uY z and xYz. Then by definition of My, z = uYcls(z)
and z = xYcls(z). Hence u = z.

8. Relation b: This property states that if 2 5y z and ey (z) # 0, then ey (z) S ().
Here we use the facts from the definition of My that 2 ¢ z implies cls(z) =5 cls(z)
and that ey (x) = ep(cls(z)), and the desired result then follows from Lemma 5.16.

9. Relation c: This property is vacuously true, as no two states in My are related to
the same state, when one of the relations is Y. For suppose that uYz and z = z.
Then z = uYcls(z) from the fact that uYz. But 2 > z requires that z = zEcls(z)
contradicting that z = uYcls(z).

10. Valuation: This property states that if Yy z, then My, x E iff My, z E. Then assum-
ing that 2Yy 2z, we see by definition that cls(x)YFr cls(z), whence we can use Lemma 5.16,
to obtain that Mg, cls(z) F p iff Mg, cls(z) E p, which also means that cls(z) € ||p||r
iff cls(z) € ||p||r. Our desired result is immediate from the definition of ||p||y.

5.7 Trimming the Unraveled Filtration

For each state z € Sy, we will denote by rootd(z) the number of Yj-relational steps from
[U] to x. More formally we have the following.

Definition 5.23 (Root Yesterday Distance). We define the function rootd : Sy — N as
follows:
0 if v = [U]
rootd(z) = ¢ rootd(z) if x = 2E[V]
rootd(z) + 1 if x = 2Y[V]

We will now trim our model by removing states from Sy. Our aim is to bound the root
yesterday distance to the modal depth of ¢, and also to ensure that the relation Y is a partial
function.

Definition 5.24 (Set Sy). Let us define the set St as the smallest set for which

1. [U] S ST
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2. ifz e Sy and z 5y vy, then y € Sy

3. if x € Sy, rootd(x) < dep(y), and Z = {y : zYyy}, then exactly one y € Z shall be in
St. The element in Z to be selected is arbitrary.

Note that Sy does not contain any state x where rootd(z) > dep(¢). Then we define a
new structure as follows:

Definition 5.25 (Trimmed Unraveled Filtration). Let My = (Sp, {1}, Yo, en, || - ||7) be
defined by

1. Sp is defined by Definition 5.24,

2. Lp= (5y NS2) is the restriction of %y to Sy,

3. Yr =Yy N S% is the restriction of Yy to S,

ey(z) if rootd(z) < dep(y)
= dep(p)

4. ep : Sp — E'U{0} is defined by er(z) = { 0 if rootd(x)

(S8

||+ ||z is given by ||p|l7 = [[p|lv N Sr.

5.7.1 Truth Lemma for M

Define the leaf yesterday distance of a state z, written leafd(x) to be the number of Y7 steps
from x to a terminal state. Note that leafd(z) 4+ rootd(z) + K = dep(y), where K is non-zero
(and positive) in the event that there is no state x in Sy for which rootd(z) > dep(y¢). In
such a situation where K is positive, we would have no need for the layered sets cl;(¢) from
Definition 5.5, and the overall proof ahead can be simplified. But let us assume for the rest
of the completeness proof the harder case where K is zero.

Lemma 5.26 (Layered Truth Lemma for My). For each j for which 0 < j < dep(y), each
X € clj(p), and each x € Sy, for which leafd(x) = 7,

X € fml(x) iff M,z E x.

Proof We prove this by showing that for each x € St with leaf yesterday distance 7, and
each x € cl;(¢), Mrp,z E x iff My, 2 E x. Our desired result follows from the truth lemma
for My. We then prove this using induction on 7, and for each j, an internal induction on
the complexity of the formula.

Outer inductive hypothesis: For each k < j, if x € cli(p) and = € Sy with leafd(z) = k,
then My, x E x iff My, x E x.

Inner inductive hypothesis: Whenever ¢(v) < ¢(x), if ¥ € cli(¢) and x € Sr with
leafd(x) = k, then My, x F ¢ iff My, x E .

Base cases true and p: These internal induction base cases use the same reasoning regard-

less of the value of j. The case for true is trivial, and the case for p comes from the
fact that the function|| - || in both models treats each state in St the same way.

Base case e: Note that as dep(e) = 1 > 0, it is the case that e & clo(p). Thus this case
only arises when j > 0, and for each j we use the fact that the function ¢ treats each
x € Sy for which leafd(z) > 0 the same in both models.
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Cases — and A: The Booleans cases are trivial.

Case Y): This is the one inductive step that makes use of the outer inductive hypothesis.
Note that as dep(Y1)) > 0, it is the case that Y1 & clo(y), and hence this case only
arises when j > 0. Suppose that for Y¢ € cl;(p) and z € Sp with leafd(z) = j,
Moy, z ¢ Y. Then there exists z such that zYrz and My, z ¥ . As Sp C Sy, we
have z € Sy. As Y is in cl(p), so is 1, and as dep(Y9) < j, dep(z)) < j — 1, whence
Y € clj_1(p). This allows us to apply the inductive hypothesis to get that My, z ¥ 1.
Our desired result follows from the fact that z € Sy and =Yy 2.

The converse is similar, but with an added complication. We suppose that for Y €
clj(¢) and x € Sy with leafd(z) = j, My, x ¥ Y1), and obtain a z such that 2Y;;z and
My, z ¥ 1. We do not have a guarantee that z € Sr. But recall that the truth lemma
of My applies, whence ¢ € fml(x). Note that from the definition of cl, as Y € cl;(¢p),
so also =Y, Y ~1 € clj(p). Hence =Y € fml(z), and by the axiom non-branching
past and propositional logic, Y~ € fml(x). We apply the truth lemma again to
arrive at My, x E Y ~4. If 2/ is such that Y2/, then My, 2’ E ~1. The inductive
hypothesis applies in the same way as it did for the converse.

Cases 41 and Ofe: These steps use the fact that for each x € My, {z : 2 7 2z} =A{z:
A
r =y 2}

Case allj1: Given a state x in Sy with leaf yesterday distance j (for 0 < j < dep(y)), let
us assume Mrp,x ¥ aldgy. Then by the semantics of ETMs (Definition 4.13), there
exist a sequences

Ay Ag Ap—1 Ay,
T=T9g — X1 — " — Tp_1 — Tk
and
Ay Ag Ag—1 Ay
=0 — 0 —> 7 Q1 — O

with each A; € B, Mr, z; E t(PRE(q;)) for each i < k, and M,z E t(—ay1)). Note
that each state in the path has the same leaf (or root) yesterday depth. Also note
that the set of formulas cl;(y) also contains t(PRE(q;)) for each i, as well as t(a;1))
from the definition of ¢/ and the fact that the yesterday depth of the formulas are
at most j. Also note that ¢(t(PRE(e;))) < ¢(PRE(q;)) < c(aytp) < c(aldfy) and
c(t(a)) < elaiyp) < c(aldy) by Proposition 4.7 and Lemmas 4.10 and 4.11. Thus
we may use the inner inductive hypothesis for each formula involved in the semantics
of alJjv to get that My, x ¥ alJjy. To attain the converse, note that the converse of

. . A A
each step is true, since for each x € My, {z: 2 =7 2} = {z: 2 =y 2}

5.7.2 Properties of My

Lemma 5.27. M satisfies all properties of an epistemic temporal history, given by Defi-
nition 4.14, except for 6 (states b) and 7 (relation a).

Proof Properties 1, 5, 8, 9, and 10 are preserved from the unraveled model. The trimming
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of the model alone could make property 1 fail at states of leaf yesterday distance 0, but the
definition of e7 makes sure such Y-terminal states are mapped to @), as they should. The
other properties are not affected by this trimming. This is because xYyz iff there exists
2" € Sy such that Y72’ (and Yy 2’ as well), and for every z € Sy and every z € Sy, it is the
case that z 5p 2z iff z 5 2. But now My also satisfies condition 2 (partial functionality
of Y'), as Y has been defined to be a partial function. Property 3 (bounded age) holds in
My, as its trimming bounds the age to be dst(¢). Property 4 (synchronicity) comes from
Lemma 5.17 and the bisimulation from Lemma 5.20. -

5.8 Establishing a History

We now want to establish properties 6 (states b) and 7 (relation a) of an epistemic temporal
history, the only two conditions not satisfied by M. Recall that states b asserts that the
history is characterizable, and relation a ensures that agents do not forget permanent facts.

As M already satisfies both condition 1 (event points) and condition 2 (partial func-
tionality of Y'), we can identify each element x for which #Yrz with a unique pair (z,e). The
condition event points ensures that there will be such an event point e (it is unique, as e is
a function). The condition partial functionality of Y ensures that such a z is unique.

To establish property 6 (states b), let m be the number of event points in E, the carrier
set of the event frame, and let n = dep(y). We label mn atomic propositions {¢F : 1 < k <
n,e € E} not appearing in the formula . For each ¢*, we think of k as indicating the leaf
yesterday depth of a state. We then define sets Q¥ to be the smallest subsets of Sy for which
the following hold.

1. {x:leafd(z) = k,er(z) = e} C QF.

2. if z € Q¥ and either 2Y7z or 2Yrz, then 2z € QF.
Definition 5.28 (Sequence M; and My). Let m be the number of event points in F, and
let n = dep(p). We define a sequence of epistemic temporal models M; = (S;, —;, Yy, i, || |]:)
for each 0 <7 < n. We set My = Mrp. For each ¢ from 0 to n — 1, we define M;,; to be

identical to M; in every component except for the epistemic relations 2 and the valuation
| - ||. For each agent A, we first define,
A A

L1 = 5, U{(x,2) : 3e, f € E with rootd((x,e)) =i and (x,e) =; (2, f)}.

We define the valuation function to be the same in each ETM other than the first (note that
the definition does not depend on i):

1ol 1:{ Ipllr p#qk withe € Eandk=1,...,n
" QF  p=g

We deﬁne MH — (SHa_>H7YHa6H7 || : ||H) - (Sn7_)nayn7€n7 || : ||n)
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Truth Lemma for My

A key ingredient to the proof of the truth lemma is the following lemma.

Lemma 5.29. Suppose that for each x € S;, and all V) € clieaga(z)(¢), Mi,x E ¥ iff ¢ €

cls(x), that is M; satisfies the same kind of truth lemma as M. Suppose also that iqﬂ z.
Then if M;,x E Uuv, where L) € cl|eafd($)(g0), we then have M;, z F 1.

Proof Suppose that M;,x F Uxy. If x 2. 2, then the result immediately follows from
the semantics of (4. If it is not the case that = =, z, then since z i>,~+1 z, there must be
events points e, f € E, such that (z,e) 4, (2, f). Note that M;, (x,e) F Y4¢. By the
definition of ¢l, we have 04Y ¢, Y49 € Xiesfa(z)+1- Then by the axiom epistemic past miz
and our assumption that the truth lemma applies to M;, we have M, (z,e) E O4Y). Thus
M,z E . =

Lemma 5.30 (Layered Truth Lemma for M;). For each i,j for which 0 < i,j < dep(yp),
each x € cl;j(¢), and each x € S;, for which leafd(x) = j,

X € fml(x) iff M;, x E x.

Proof We show this by induction on ¢, the index of the ETM. We can view our base case
as 7 = 0, which states that the truth lemma holds for M. Assume the truth lemma holds
for M; (i < dep(y)). We wish to show it holds for M, ;. We then use a double induction
on the leaf yesterday distance j of the state as the outer induction, and the complexity of
formulas as the internal induction.

Outer inductive hypothesis: For each k < j, if x € cli(p) and = € S;,; with leafd(z) =
k, then M, 1, x E x iff M;, z E x.

Inner inductive hypothesis: Whenever ¢(x) < c(¢), if x € clp(p) and x € S;;1 with
leafd(x) = k, then M, 1,z F x iff M;, z F x.
Base cases true, e, p: The base case true is trivial. The case for event points e holds from

the fact that the function ¢; is the same for each 7. Finally, the case for p holds, since
for each p € cl(p), we have that ||p||; is defined the same for each 1.

Cases — and A: The Boolean steps are easy.

Case Yy: This is the only case that uses the outer induction hypothesis, and is straightfor-
ward given the fact that the Y-relation is the same for each .

Case 4x: Suppose ¢ = Oy, leafd(x) = j, and M;,z £ Oyx. Suppose that = =, .
Then as ¢ € cl;(y), we have by Lemma 5.29 that M;,z E x. Since ¢(x) < c¢(¢), we
can apply the inner induction hypothesis to get that M;, 1,2 F x. As z was chosen
arbitrarily, M, 1,z F Oax. The converse of this [14 case is easier to establish, and
uses the fact that iq» is a subset of i)i_i_l.

Case [ y: Suppose that v = %y, leafd(z) = j, and M;,z E Ofx. As M, satisfies the
truth lemma and as for each A € B, we have that O405x € clieaa(z) () from the
definition of cl, we can apply axiom epistemic miz to get that M,z E U 005x. By
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Lemma 5.29, for all z for which z i>i+1 z, it is the case that M;, v F Ugx. By the truth
lemma for M; and consistency, we have that M;, z,F y. Using a simple induction on
path length, we establish for all z for which = E’;l z that M,z E x, M,z E L,
and M;, z F Os05x. We can then apply the inner inductive hypothesis to get that
M1,z E x for each z such that z ﬂjﬂ z; and hence M1,z F Ujx. The converse is
more straightforward; rather than applying Lemma 5.29, the definition of the semantics
of Jj can be used directly, as 24, is a subset of 2,1 and every epistemic path in M;
is an epistemic path in M, ;.

Case alJfx: Suppose that ¢» = aJyx, leafd(z) = j, and M,;, z F oJfx. As M, satisfies the
truth lemma, we have by consistency that M;, x F t(ax). Similarly, as the definition
of ¢l guarantees that for each A € B and § where o = £, O4605X € clieata@) (¥),
we can apply Proposition 3.15 so that for each such 3, if M;,z E t(PRE(«)), then
M,z E 04605 x. Then assuming that M;, z F t(PRE(«)), we can apply Lemma 5.29
so see that for every z for which x i>i+1 z that M;, z F U5 x.

Using this reasoning, we can show by induction that for each pair of paths

o Aq Ag Am—1 Am
T =Ty —i+1 L1 —i+1 " 7 i+1 Tm—1 —i+1 Tm,
and
Ay Ag Am—1 Am
Oy —> Qg =+ — Qyp—1 — Qi

where M, zy F t(PRE(ay)) for £ < m, it is the case that M, z,, E t(a.,x). By the
inner inductive hypothesis, M1, 2, F t(a,X), and hence by the definition of the
semantics of ETMs, M, 1,2 F allyx.

The converse is more straightforward; rather than applying Proposition 3.15 and
Lemma 5.29, the definition of the semantics of alJj in both M; and M,;; can be
used directly, as 2, is a subset of i>i+1 and every epistemic path in M; is an epistemic
path in M, ;. With paths using the same notation as above, we apply the inner in-
duction hypothesis to establish M, 1,z F t(PRE(ay)) from M;, z; F t(PRE(ay)) and
then M, x,, E t(ap,x) from Mg, 2, F t(amx).

Properties of My
Lemma 5.31. The model My is a characterizable epistemic temporal history.

Proof Properties 1 (event points), 2 (partial functionality), 3 (bounded age), and 5 (states
a), do not involve the epistemic relations or the valuation, and are hence preserved from

M.

4. Synchronicity: This is established by an induction argument on the index ¢ of the
model. Note that Mgy = M, for which synchronicity holds. For every x and z for
which z $i+1 z, but where it is not the case that x iq z, there are e and f such that
(z,€) =, (z, f). By the inductive hypothesis, (z,e) and (z, f) have the same number
of Y relational steps to a Y terminal state, and hence x and z will too.
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6. States b: Given ¢ € F and a number k for which 1 < k < n = dep(y) , the formula ¢”
as defined in the definition of My will satisfy the requirement in the definition of this
condition.

7. Relation a: Suppose (z,€e) =y (z, f). If i = rootd((x, e)), then (z,e) =; (2, f), and by
definition of i>i+1, we have that x i>i+1 z, whence x i>H z.

8. Relation b: Suppose that © 5 2, and ey (z) = e # 0 and £(z) = f. Then leafd(z) > 1,
and hence e,d4—f € cliata(z) (). If it were not the case that e 4 f, then by the truth
lemma for My, we would have that My, xlJ,—f, contradicting the fact that x Ly f.

9. Relation ¢: Assume that (z,e), (2, f) € Sy and £ S5 2. Our notation indicates that
(z,e)Yx and (z, f)Y z. Since we have by hypothesis that x 2y 2, we have two distinct
states related (via Yy and N 1) to a single state. Note that because of the unraveling,
no two states are related in S to any one state, when one of the relational connections
is Y. But the construction of Sy introduces some exceptions, all of a particular kind.
All such exceptions arise from the introduction of arrows z -y z. Such an arrow is
added when there exist (z,¢') and (z, f') such that (z,¢) =g (2, f'). In our case, if
e # e, then we would have distinct states (z,e) and (z,€’) Y-related (in Sy, Sy, and
Sy) to the single state x, a contradiction. Hence ¢’ = e, and by a similar argument,
f' = f. We thus conclude that (z,e) S (z, f).

10. Valuation This condition is satisfied when the model obeys atomic permanence. Most
of the proposition letters are untouched from how they were defined in M, and hence
inherit atomic permanence from M. At issue are the proposition letters of the form
¢*, and atomic permanence is guaranteed by the definition of QF.

Completeness

Theorem 5.32 (Weak Completeness). Given ¢ € Loy, there is a sequential history H and
a state s € H, such that s € [¢](H).

Proof Given a formula ¢ € L.,y that is consistent, there is a formula ¢; € L;s such that
© = 4, and hence ¢; is consistent. Since ; is a consistent formula in L, we can create a
model My as done in this section for which ¢, is satisfied. This model is, by Lemma 5.31,
a characterizable epistemic temporal history. We can apply Lemmas 4.17 and 4.18 to get a
characterizable sequential history H that satisfies ;. Since ¢, is satisfied in H and ¢; = ¢,
we have that ¢ is also satisfied in H. -

Decidability

Theorem 5.33 (Decidability). Given ¢ € L.y, it is decidable whether or not it is provable
m £8+Y-

Proof Given a function ¢, translating it into a formula in £ is computable by Proposition
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4.8. The closure function ¢l is also computable by Lemma 5.4, and it generates a finite set.
Note that the history constructed in the proof of the completeness theorem is finite. An
upper bound to the size of the filtration can be determined from . Suppose this upper
bound is b and suppose n is the yesterday depth of ¢. Then the size of the history will be
bounded by nb". -

6 Extending the Completeness Proof

In this section we consider two proof systems, and their completeness and decidability. Recall
that given an event frame F and a set ® of atomic propositions, the languages L.,y (F, ®)
and Ly (F, ®) were defined in Section 2.3. Now let us define another language Ly (F, ®) to
be the language obtained by removing from L.,y (F, ®) all formulas that have subformulas
of the form [lgep.

Let PSeiy (F, ®) be the proof system for L.,y (F, P), which was defined in Section 3.1
and for which completeness has been proved. Let PSy(F,®) and PSy (F, ®) be the proof
systems obtained from PS..y (F,P) by removing any axiom or rule that involves formulas
not in respectively Ly (F, @) and Ly (F, D).

6.1 Without Common Knowledge

We first consider the proof system PSy(F,®). A proof of completeness and decidability of
PS(F, ) is a simplification of the proof for PS.,y (F, ®). First the reduced form language
L. will not have any occurrences of event modalities, and this will reduce many steps in
inductive proofs. The filtration still need not have all the properties of an epistemic temporal
history, but the unraveling can be simplified, so that the model is unravelled for all relations
rather than just the relation Y. We can then trim the model according to the epistemic
depth of the given consistent formula, as well as the yesterday depth, and this will ensure
a finite model. The only step needed in PSy not used in the proof for the completeness of
PS.. .y is the trimming of the unraveled canonical model at the epistemic depth of the given
formula. Thus there is a proof of the completeness of PSy that is cleaner and shorter, but
still primarily the same as the proof of the completeness of PS.,y.

6.2 Without Expressing Event Points

Completeness and decidability of PSy is discussed in [16]. That paper stated that the
PSy(F,®) is complete if F contains a point that is reflexive for every agent. Here we
reflect on the proof of the completeness of PS. y(F,®). Although the language L.,y does
not involve event points, we may still use the exact same epistemic temporal models. The
definition of the event point assignment function ¢ will not affect the truth of the formulas
(as there there will be no event points in the language), but an appropriate definition will
be important in establishing the 10 properties of an epistemic temporal history (Definition
4.14). So we may define ¢ in the filtration however we want, and redefine ¢ in any arbitrary
way at each step until the last. If e is an event point that is reflexive for every agent, we
make sure that eg(z) = 0 if x is not Yy related to any other state, and ey () = e otherwise.
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The event point condition becomes immediately satisfied. The fact that e was reflexive for
every agent means that the other properties (the ones regarding the update product relation)
hold too.

It is in general unknown whether PSy (F, ®) is complete when F does not have an event
point reflexive for every agent. But there is an event frame F for which PSy (F,®) is
incomplete, given by the following example found in [16]. Let F; consist of exactly one event
point e and empty epistemic relations, and let F, consist of exactly one event point e, and
let the e be reflexive for every agent. We know that PSy (Fi, ) = PSy(F2, P). As the
proof system is complete and the formula U4 false is not valid when the event frame is 7,
(14 false is not provable. But Y true — [ 4 false is valid when the event frame is Fj.

The axiom schema in PS.,y(F,®) missing from PSy(F,P) include a few that corre-
spond to at most one event point being associated with any state, another that relates the
event point that is true to the event point that led to the state, and finally one that restricts
the epistemic relation based on what event points are true. It is this last axiom scheme that
captures properties that may be needed in a complete proof system for Ly (F, ®).

7 Conclusion

This paper proves completeness and decidability of a language that adds a discrete previous-
time operator and formulas representing partial previous-events to a version of dynamic
epistemic logic that includes common knowledge operators. One aspect of this paper that
distinguishes it from other papers that add temporal operators to dynamic epistemic logic
is that this paper involves common knowledge operators. On the one hand, without the
common knowledge operator, we would be able to use the reduction technique of [9] to
translate our language to one that does not involve any event modalities. Along similar
lines, replacing the common knowledge operators with the relativized common knowledge
operators of [4] might result in a proof more similar to one without any common knowledge
operator, as a full reduction can be used to convert the language to one that does not
include any event modalities as is done in [4, 9], though this is left for future work. But on
the other hand, the inclusion of the common knowledge operator in this paper adapts elegant
techniques used in [3] to a broader setting. For example, as the reduction technique cannot
completely eliminate all event modalities in the reduction process when common knowledge
is used, the event rule, adapted from one in [3], gives us a way of dealing with this interaction
between common knowledge and event modalities by justifying our choice of static semantics
over ETMs for event modalities.

The completeness proof of this paper extends existing techniques, such as language reduc-
tion, filtration, and model unravelling, and integrates them with further model transforma-
tions in a novel way. Characteristic of this completeness proof is the shaping of an epistemic
temporal model generated by a filtration to obey merging framework style properties in the
sense of [5, 6]. This paper offers many techniques that may inspire new developments in
completeness proofs in DEL or other related logics.

48



Acknowledgements

I am greatful for the help that I have received from Lawrence Moss. I also thank Alexandru
Baltag, Johan van Benthem, Esfandiar Haghverdi, Chung-min Lee, Daniel Leivant, and Eric
Pacuit for their comments.

References

[1] P. Balbiani, A. Baltag, H. van Ditmarsch, A. Herzig, T. Hoshi, and T. de Lima Knowable
as known after an announcement. The Review of Symbolic Logic, 1 : 305-334 Cambridge
University Press 2008.

[2] A. Baltag, L. S. Moss. Logics for epistemic programs. Synthese, 139(2, Knowledge,
Rationality & Action):165-224, 2004.

[3] A. Baltag, L. Moss, S. Solecki. Logics for epistemic actions: Completeness, decidability,
expressivity. ms. Indiana University, 2003.

[4] J. van Benthem, J. van Eijck, B. Kooi. Logics of communication and change. Information
and Computation, 204(11): 1620-1662, 2006.

[5] J. van Benthem, J. Gerbrandy, T. Hoshi, E. Pacuit. Merging frameworks for interaction.
Journal of Philosophical Logic, 38(5): 491-526, 2009.

[6] J. van Benthem, J. Gerbrandy, E. Pacuit. Merging frameworks for interaction: DEL and
ETL. In: Proceedings of the 11th Conference on Theoretical Aspects of Rationality and
Knowledge (TARK XI). 72-81, 2007.

[7] J. van Benthem, F. Liu. Diversity of logical agents in games. Philosophica Scientiae,
8(2): 163178, 2004.

[8] J. van Benthem, E. Pacuit. The Tree of Knowledge in Action: Towards a Common
Perspective. Proceedings of Advances in Modal Logic, 2006.

[9] H. van Ditmarsch, W. van der Hoek, B. Kooi. Dynamic Epistemic Logic. Springer, 2008.

[10] R. Fagin, J. Halpern, Y. Moses, M. Vardi. Reasoning About Knowledge. The MIT Press,
Boston, 1995.

[11] D. Gerbrandy. Bisimulations on Planet Kripke. Dissertation, ILLC, 1998.

[12] H. Hoshi, A. Yap. Dynamic epistemic logic with branching temporal structures. Syn-
these, 169(2): 259-281, 2009

[13] R. Parikh, R. Ramanujam. A knowledge based semantics of messages. Journal of Logic,
Language, and Information, 12:453-467, 2003.

[14] J. Plaza. Logics of public communications. In proceedings, 4th International Symposium
on Methodologies for Intelligent Systems, 1989.

49



[15] B. Renne, J. Sack, A. Yap. Dynamic Epistemic Temporal Logic In proceedings of Second
International Workshop in Logic, Rationality and Interaction, 2009.

[16] J. Sack. Temporal languages for epistemic programs. Journal of Logic, Language and
Information, 17(2): 183-216, 2008.

[17] J. Sack Extending probabilistic dynamic epistemic logic. Synthese, 169(2): 241-257,
2009.

50



